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ABSTRACT
We study the problem of finding fair allocation of indivisible items

(goods and chores) among agents with heterogeneous cardinality
constraints under additive valuations. That is, each agent has their

own cardinality constraint on the items they may receive. We con-

sider one of the strongest share-based fairness notions when agents

have equal entitlements, namely symmetric Any Price Share (APS).

We note that, all the results extend toMaximin Share (MMS) fairness

as well since APS is a stronger notion.

We design polynomial time algorithms to find: (𝑖) 1/2-APS allo-
cation for goods, (𝑖𝑖) 2-APS allocation for chores, and (𝑖𝑖𝑖) 3/2-APS
allocation for chores when agents have symmetric cardinality con-

straints. Finally, we extend one of our algorithms to provide best-of-
both worlds guarantee, namely ex-ante proportionality and ex-post

1/2-APS and 2-APS for the cases of goods and chores, respectively.
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1 INTRODUCTION
Discrete fair division is a fundamental problem within the social

choice theory, where a set 𝑀 of 𝑚 indivisible items needs to be

allocated fairly among 𝑛 agents. The preferences of each agent 𝑖 are

given by a valuation function 𝑣𝑖 : 2
𝑀 → R. Arguably, two of the

most popular share-based fairness notions are of Maximin Share

(MMS) and Any Price Share (APS). We study MMS and symmetric-

APS for allocating both goods and chores to agents with cardinality

constraints. That is, agents have additive valuation functions with

cardinality constraints which may be heterogeneous across agents,

i.e., for any 𝑆 ⊆ 𝑀 , 𝑣𝑖 (𝑆) =
∑
𝑗∈𝑆 𝑣𝑖 ( 𝑗) as far as |𝑆 | satisfies agent

𝑖’s cardinality constraint.

Both MMS and APS are share based fairness notions, where each
agent is entitled to a bundle worth their fair share. Under MMS,

this fair share of an agent is defined as the maximum value she can

guarantee herself under the classical cut-and-choose mechanism

when she is the cutter; she partitions the item set into 𝑛 bundles
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and gets to pick last. Therefore, clearly, she will partition such that

the value of the minimum valued bundle is maximized. If Π𝑛 (𝑀)
denotes the set of all allocations of 𝑀 among the 𝑛 agents, and

(𝐴1 . . . , 𝐴𝑛) denotes any allocation into 𝑛 bundles, then the MMS

value of agent 𝑖 is defined as,

MMS𝑖 = max

(𝐴1,...,𝐴𝑛 ) ∈Π𝑛 (𝑀 )
min

𝑗∈[𝑛]
𝑣𝑖 (𝐴 𝑗 )

An MMS allocation is one where every agent 𝑖 gets a bundle

worth at least MMS𝑖 . [3] introduced a stronger notion called Any
Price Share (APS) via a pricing mechanism.

1
That is, if 𝑃 denotes the

simplex of all price vectors for the𝑚 goods where the sum of all

prices is 1 and all prices are non-negative, hence 𝑃 = {(𝑝1 . . . , 𝑝𝑚) |∑𝑚
𝑗=1 𝑝 𝑗 = 1, 𝑝 𝑗 ≥ 0 ∀𝑗}, then APS is given by,

APS𝑖 = min

(𝑝1,...,𝑝𝑚 ) ∈𝑃
max

𝑆⊆𝑀 :

∑
𝑗 ∈𝑆 𝑝 𝑗 ≤1/𝑛

𝑣𝑖 (𝑆)

[3] showed that APS𝑖 ≥ MMS𝑖 for all agent 𝑖 as far as the valuation

functions are monotone.

Allocations achieving MMS and APS shares may not exist even

under additive valuations [21, 10]. Therefore, the focus has been

on finding approximate solutions, where in an 𝛼-APS (MMS) allo-
cation, every agent receives a bundle worth at least 𝛼 times their

APS (MMS) value. This problem has been studied extensively for

additive valuations and when𝑀 contains only goods (see [2] for a

survey and pointers), with much progress [21, 11, 16]. It is known

that a ( 3
4
+ 3

3836
)-MMS always exists and can be computed in poly-

nomial time [1], while there are examples showing that
39

40
-MMS

may not exist [10] even in the setting of three agents.

We consider agents with cardinality constraints. That is, each

agent 𝑖 has an additive valuation function𝑉𝑖 as well as a cardinality

constraint of 𝑘𝑖 > 0, with the understanding that if 𝑀 is a set of

goods, then agent 𝑖 wants no more than 𝑘𝑖 items, and if𝑀 is a set of

chores then agent 𝑖 needs to be allocated at least 𝑘𝑖 items. Note that

such a valuation function generalizes additive while is contained

in submodular and supermodular functions for goods and chores,

respectively. The latter are not as well-studied. The best bound

known for goods under submodular functions are 10/27 and 1/3
for MMS and APS, respectively [22], while nothing is known for

the chores under supermodular functions.

[15] studied MMS under cardinality constraints, but assumed

homogeneous cardinalities, i.e., 𝑘𝑖 = 𝑘, ∀𝑖 . They gave algorithms

to find 2/3-MMS and 3/2-MMS respectively for goods and chores.

For more complex valuation functions where𝑀 is partitioned into

sets𝑀1, . . . , 𝑀𝑑 and each set has a separate cardinality constraint

1
We note that APS was defined with respect to asymmetric agents, where agent 𝑖 has

budget/weight of 𝑏𝑖 > 0 while

∑
𝑖 𝑏𝑖 = 1, in this paper we focus on symmetric-APS.



namely 𝑘𝑙 for set 𝑀𝑙 , they extended the goods algorithm to find

1/2-MMS allocations.

We extend the above results on two fronts. First, we allow agents

to have heterogeneous cardinality constraints, and second, we ex-

tend the results to the stronger notion of APS.

(1) 1/2-APS for goods

(2) 2-APS for chores.

(3) 3/2-APS for chores when agents have homogeneous cardi-

nality constraints.

(4) Best of both worlds guarantee: ex-ante proportional and ex-

post 1/2-APS and 2-APS for goods and chores, respectively.

We note that all the above results extend to MMS since APS is a

stronger notion [10]. On the technical side, we obtain the following

new insights that may be of independent interest:

• Sliding-window with Breaks.
• bag-filling until last shout and reverse-bag-filling
• Analysis of the APS value for bounds and structure under

heterogeneous cardinality constraints.

2 FURTHER RELATEDWORK
The notion of MMS was introduced by [7]. Homogeneous cardinal-

ity constraints were implemented within heterogeneous categories

by [15], giving a
1

2
-MMS allocation for goods, and a

2

3
-MMS alloca-

tion in the single-category instance, as well as a 2-MMS allocation

for chores, and a
3

2
-MMS allocation in the single-category instance.

[3] Introduced the notion of APS and proved that APS ≥ 𝑀𝑀𝑆 in
the goods case, and gave a

3

5
−APS allocation for additive valuations

and arbitrary entitlements.

Beyond additive valuations, some well-known classes of valua-

tion functions such as subadditive, fractionally sub-additive i.e. XOS,

submodular, and their interesting special cases have been studied in

the literature [5, 17, 23]. For submodular valuations, [13] gave an al-

gorithm to find a
1

3
-MMS allocation based on a certain local search

procedure, and [4] showed that a simple round-robin procedure can

achieve a
1

3
(1 − 1/𝑒)-MMS allocation. This was recently improved

to
10

27
-MMS by [22], who also gave

1

3
-APS algorithm. For subad-

ditive valuations, it is known that better than
1

2
-MMS allocations

may not exist [13].

Yet another class of fairness notions are envy-based. The classical
notion of envy-freeness (EF) dictates that no agent envies another

agent’s bundle over her own. However, an EF allocation may not

exist for allocating indivisible items. There has been extensive work

on relaxations of EF. The strongest among these is EF up to any

item (EFX) [8]. The other popular notion is of EF up to one item

(EF1). The existence of EFX is known only for special cases, e.g.,

[20, 9, 19, 14], and remains a major open problem [21]. While EF1

is well-known to exist in general [18], and can be combined with

the efficiency guarantees.

3 PRELIMINARIES: APS AND MMS FOR
GOODS

To start with, in this section, we define all the terms with respect

to goods. We differ the definitions for chores to Section 5.1 to

avoid confusion. An instance of the fair allocation problem under

heterogeneous cardinality constraints is given by 𝐼 = ⟨𝑁,𝑀,𝑉 , 𝐾⟩,

where 𝑁 = {1, 2, . . . 𝑛} is the set of agents, 𝑀 = {1, 2, . . .𝑚} is
the set of goods, 𝑉 = ⟨𝑣1, 𝑣2, . . . 𝑣𝑛⟩ is the collection of the agents’

valuation functions 𝑣𝑖 : 2
𝑀 → R+, and 𝐾 = ⟨𝑘1, 𝑘2, . . . 𝑘𝑛⟩ is

the collection of cardinality thresholds. Further, we can assume

instances are ordered, that is agents have the same ranking of

goods, without loss of generality by [4, 6]. When referring to agent

𝑖 for a single item 𝑗 , we use the notation 𝑣𝑖 ( 𝑗) to denote the agent’s
value of said item. Without loss of generality, we assume that the

agents are arranged in non-decreasing order of thresholds. Hence,

𝑘1 ≤ 𝑘2 · · · ≤ 𝑘𝑛 . We assume that the valuation functions are

additive i.e. 𝑣𝑖 (𝑆) =
∑
𝑔∈𝑆 𝑣𝑖 (𝑔) for any subset 𝑆 ⊆ 𝑀 . An allocation

𝐴 = (𝐴1, 𝐴2, . . . 𝐴𝑛) ∈ Π𝑛 (𝑀) is an 𝑛-partition of𝑀 , with 𝐴𝑖 being

the bundle received by agent 𝑖 .

Let x
𝑗
𝑖
(𝑆) denote the set of the max ( |𝑆 | , 𝑗) most valuable goods

in 𝑆 for agent 𝑖 . If the instance is ordered, then x
𝑗
𝑖
is the same for

every agent, and in that case, we may omit the subscript. For any

agent 𝑖 , we define the final valuation function 𝑓𝑖 : 2
𝑀 → R+ as

follows:

𝑓𝑖 (𝑆) :=
∑︁

𝑔∈x𝑘𝑖
𝑖
(𝑆 )

𝑣𝑖 (𝑔)

Under the final valuation function, agent 𝑖 can have value for at

most 𝑘𝑖 items in a set. Thus, these final valuation functions have

the cardinality constraints "built" into them. We use these functions

to define the maximin share of each agent.

Definition 3.1 (Maximin Share). Let 𝐼 = ⟨𝑁,𝑀,𝑉 , 𝐾⟩ be an in-

stance of the fair allocation problem for goods under heterogeneous

cardinality constraints. For an agent 𝑖 , let 𝑓𝑖 be as defined above.

The maximin share of 𝑖 is defined as

MMS𝑖 := max

𝐴∈Π𝑛 (𝑀 )
min

𝐴 𝑗 ∈𝐴
𝑓𝑖 (𝐴 𝑗 )

Definition 3.2 (Any Price Share). Let 𝐼 = ⟨𝑁,𝑀,𝑉 , 𝐾, 𝐵⟩ be an
instance of the fair allocation problem for goods under heteroge-

neous cardinality constraints, where 𝐵 = ⟨𝑏1, 𝑏2, . . . 𝑏𝑛⟩ is the set
of agents’ entitlements with every 𝑏𝑖 ≥ 0, and

∑𝑛
𝑖=1 𝑏𝑖 = 1. For an

agent 𝑖 , let 𝑓𝑖 be as defined above. The any price share of 𝑖 is defined
as

APS𝑖 := min

(𝑝1,𝑝2,...𝑝𝑚 ) ∈𝑃
max

𝑆⊆𝑀

𝑓𝑖 (𝑆) |
∑︁
𝑗∈𝑆

𝑝 𝑗 ≤ 𝑏𝑖


Where 𝑃 = {(𝑝1, 𝑝2, ..., 𝑝𝑚) | 𝑝 𝑗 ≥ 0 ∀𝑗 ∈ 𝑀, ∑
𝑗∈𝑀 𝑝 𝑗 = 1} is the

set of item-price vectors that sum to 1.

Definition 3.3 (Any Price Share, dual definition). Let 𝐼 = ⟨𝑁,𝑀,𝑉 , 𝐾, 𝐵⟩
be an instance of the fair allocation problem for goods under het-

erogeneous cardinality constraints, where 𝐵 = ⟨𝑏1, 𝑏2, . . . 𝑏𝑛⟩ is the
set of agents’ entitlements with every 𝑏𝑖 ≥ 0, and

∑𝑛
𝑖=1 𝑏𝑖 = 1. The

Any Price Share of 𝑖 is defined as

APS𝑖 := max 𝑧

Where 𝑧 is subject to the following constraints:

1.
∑
𝑇 ⊆𝑀 𝜆𝑇 = 1

2. 𝜆𝑇 ≥ 0 ∀𝑇 ⊆ 𝑀
3. 𝜆𝑇 = 0 ∀𝑇 ⊆ 𝑀 𝑠.𝑡 . 𝑓𝑖 (𝑇 ) < 𝑧
4.

∑
𝑇 ⊆𝑀 :𝑗∈𝑇 𝜆𝑇 ≤ 𝑏𝑖 ∀𝑗 ∈ 𝑀



As shown in [3] these two definitions are equivalent.

APS (MMS)Allocation.An allocation𝐴 is said to be an APS (MMS)

allocation if for every agent 𝑖 , 𝑓𝑖 (𝐴𝑖 ) ≥ 𝐴𝑃𝑆𝑖 (𝑓𝑖 (𝐴𝑖 ) ≥ 𝑀𝑀𝑆𝑖 ). It
is an 𝛼-APS (𝛼-MMS) allocation for an 𝑎𝑙𝑝ℎ𝑎 ∈ [0, 1‘] if for each
𝑖 ∈ 𝑁 , 𝑓𝑖 (𝐴𝑖 ) ≥ 𝛼 ∗𝐴𝑃𝑆𝑖 (𝑓𝑖 (𝐴𝑖 ) ≥ 𝛼 ∗𝑀𝑀𝑆𝑖 ). [3] also showed that
an 𝛼-APS allocation𝐴 is also an 𝛼-MMS allocation. Therefore, from

now on we will focus on finding 𝛼-APS allocation, and the results

extend to 𝛼-MMS allocations.

4 APPROXIMATE APS FOR GOODS
We start with showing two important claims regarding APS that are

crucial for our algorithm: (𝑖) one-good reduction for APS (similar

to MMS [12]), and (𝑖𝑖) for agent 𝑖 , it suffices to focus on top 𝑛𝑘𝑖
items while computing the APS value (Definition 3.2).

Lemma 4.1 (One-Good Reduction). Let 𝐼 = ⟨𝑁,𝑀,𝑉 , 𝐾, 𝐵⟩ be
an ordered instance of fair division under ordered heterogeneous

cardinality constraints, andwith equal entitlements (𝑏𝑖 =
1

𝑛 ∀𝑖 ∈ 𝑁 ).

If a single item is given to an agent, and this item and agent are

then removed from the instance, all remaining agents’ APS value

remain the same or are increased.

Proof. Let APS𝑖 be the optimal solution to the original instance

of the LP, and consider the same solution used in the new instance

that has an item and agent removed. We can prove the properties

of the One-Good Reduction by showing that for any agent 𝑖 , the

optimal 𝑧∗ = APS𝑖 is still a solution for the new instance, and thus

the maximal 𝑧 to the new instance must be greater or equal to this

feasible value 𝑧∗. We will construct the new feasible solution from

the old optimal solution as follows:

Given the entitlements are equal, 𝑏𝑖 =
1

𝑛 ∀𝑖 in the original in-

stance, and after the removal of item 𝑗∗ and agent 𝑖∗, the enti-

tlements will be 𝑏′
𝑖
= 1

𝑛−1 ∀𝑖 . Additionally, in the new instance,

𝑀′ = 𝑀 \ { 𝑗∗}, so every 𝑇 ′ ⊆ 𝑀′ is also a subset of M, and the

remaining 𝑇 ⊆ 𝑀,𝑇 ⊈ 𝑀′ are the exact sets 𝑇 ′ ∪ { 𝑗∗}, ∀𝑇 ′ ⊆ 𝑀′.
Let 𝜆∗

𝑇
be the value of 𝜆𝑇 in the optimal solution for the orig-

inal problem for each 𝑇 ⊆ 𝑀 . Let 𝑧′ = 𝑧∗ and 𝜆′
𝑇

=
𝜆∗
𝑇

𝑆
where

𝑆 =
∑
𝐾⊆𝑀 :𝑗∗∉𝐾 𝜆

∗
𝐾

=
∑
𝐾⊆𝑀 ′ 𝜆

∗
𝐾
. Note that S is strictly positive

(specifically greater than
𝑛−1
𝑛 as proven later) so this fraction is

valid.

The first constraint holds true, since∑︁
𝑇 ⊆𝑀 ′

𝜆′𝑇 =
∑︁
𝑇 ⊆𝑀 ′

𝜆∗
𝑇

𝑆
=

∑
𝑇 ⊆𝑀 ′ 𝜆

∗
𝑇

𝑆
= 1.

The second constraint holds true because the same constraint in

the original LP implies that all 𝜆∗
𝑇
≥ 0, and so 𝑆 =

∑
𝐾⊆𝑀 :𝑗∉𝐾

𝜆∗
𝐾
≥

0, thus it follows that 𝜆′
𝑇
=
𝜆∗
𝑇

𝑆
≥ 0.

The third constraint remains true because if 𝑣𝑖 (𝑇 ′) < 𝑧 in the

new LP, then in the original LP, 𝑣𝑖 (𝑇 ) < 𝑧 for 𝑇 = 𝑇 ′, and by the

third constraint in the original LP, this implies that 𝜆∗
𝑇
= 0. Thus,

𝜆′
𝑇
=
𝜆∗
𝑇

𝑆
= 0, satisfying the third constraint of the new LP.

The fourth constraint also holds. Using the original LP we find

that ∑︁
𝑇 ⊆𝑀 :𝑗∈𝑇

𝜆∗𝑇 ≤
1

𝑛
∀𝑗 ∈ 𝑀 =⇒

∑︁
𝑇 ⊆𝑀 :𝑗∗∈𝑇

𝜆∗𝑇 ≤
1

𝑛
∀𝑗∗ ∈ 𝑀

By the first constraint in the original LP,

1 =
∑︁
𝑇 ⊆𝑀

𝜆∗𝑇 =
∑︁

𝑇 ⊆𝑀 :𝑗∗∈𝑇
𝜆∗𝑇 +

∑︁
𝑇 ⊆𝑀 :𝑗∗∉𝑇

𝜆∗𝑇

so

𝑆 =
∑︁

𝑇 ⊆𝑀 :𝑗∗∉𝑇

𝜆∗𝑇 = 1 −
∑︁

𝑇 ⊆𝑀 :𝑗∗∈𝑇
𝜆∗𝑇 ≥ 1 − 1

𝑛
=
𝑛 − 1
𝑛

.

Thus,∑︁
𝑇 ⊆𝑀 ′ :𝑗∈𝑇

𝜆′𝑇 =
∑︁

𝑇 ⊆𝑀 ′ :𝑗∈𝑇

𝜆∗
𝑇

𝑆
=

∑
𝑇 ⊆𝑀 ′ :𝑗∈𝑇 𝜆

∗
𝑇

§ ≤ 1/𝑛
𝑛 − 1/𝑛 =

1

𝑛 − 1 ,

thus it holds that ∑︁
𝑇 :𝑗∈𝑇

𝜆′𝑇 ≤
1

𝑛 − 1 = 𝑏′𝑖∀𝑗 ∈ 𝑀
′ .

Finally we can see that (𝑧′, 𝜆′
𝑇
∀𝑇 ∈ 𝑀′) is a feasible solution to

the new LP, thus the optimal solution cannot have a smaller 𝑧 value

than the original 𝑧∗, as we are maximizing, so the APS cannot have

decreased. □

Lemma 4.2. Let 𝐼 = ⟨𝑁,𝑀,𝑉 , 𝐾, 𝐵⟩ be an ordered instance of

fair division under ordered heterogeneous cardinality constraints,

and with equal entitlements (𝑏𝑖 =
1

𝑛 ∀𝑖 ∈ 𝑁 ). For any price vector

(𝑝1, 𝑝2, . . . , 𝑝𝑚) satisfying 𝑝 𝑗 ≥ 0∀𝑗 ∈ 𝑀, 𝑝 𝑗 = 0∀𝑗 ∈ 𝑀\x𝑛𝑘𝑖
𝑖
(𝑀),∑

𝑗∈𝑀 𝑝 𝑗 = 1, the highest valued affordable bundle consists only of

items from the top 𝑛𝑘𝑖 items.

argmax

𝑆⊆𝑀

𝑓𝑖 (𝑆) |
∑︁
𝑗∈𝑆

𝑝 𝑗 ≤ 𝑏𝑖
 ⊆ x𝑛𝑘𝑖𝑖

(𝑀)

Proof. To prove this claim we will use induction on the number

of agents, n.

When 𝑛 = 1, we can see that 𝑏𝑖 =
1

𝑛 = 1, and since

∑
𝑗∈𝑀 𝑝 𝑗 = 1,

when 𝑆 = x𝑘𝑖
𝑖
(𝑀),∑

𝑗∈𝑆 𝑝 𝑗 ≤ 1 = 𝑏𝑖 , so 𝑓𝑖 (𝑆) = 𝑣𝑖 (x𝑘𝑖𝑖 (𝑀)). Since
𝑆 is a bundle of the 𝑘𝑖 best items, this is certainly the optimal bundle,

and indeed consists of only of items in the x𝑛𝑘𝑖
𝑖
(𝑀) items.

Assuming the claim holds for all 1 ≤ 𝑛′ < 𝑛, we now prove that

the claim also holds for 𝑛.

Assume towards contradiction that this is false, and so the opti-

mal bundle of affordable items, 𝑆∗, consist of at least one item not

in the top 𝑛𝑘𝑖 items. Note that we assume |𝑆∗ | ≤ 𝑘𝑖 , as we can only

value the top 𝑘𝑖 items of any bundle 𝑆 ⊆ 𝑀 , and so excluding all

items past the top 𝑘𝑖 items does not change objective value. Let

𝑆∗
1
= x𝑛𝑘𝑖

𝑖
(𝑀) ∩ 𝑆∗ and let 𝑆∗

2
= 𝑆∗ \ x𝑛𝑘𝑖

𝑖
(𝑀) , so we see that

𝑆∗ = 𝑆∗
1
∪ 𝑆∗

2
and 𝑆∗

1
∩ 𝑆∗

2
= ∅.

Let (𝑝1, 𝑝2, . . . , 𝑝𝑚) be an adversarial price vector that was used

to minimize the value of the maximum bundle 𝑆∗. Construct a
price vector for an instance of size 𝑛 − 1 as follows: Let the items

𝑀′ = 𝑀 \ 𝐵 where 𝐵 is a set of 𝑘𝑖 items in the top 𝑛𝑘𝑖 items of

𝑀 whose prices sum to at least
1

𝑛 . Such a set 𝐵 is guaranteed to

exist because if all n-partitions (𝑋1, 𝑋2, . . . , 𝑋𝑛) of x𝑛𝑘𝑖𝑖
(𝑀) with

|𝑋1 | = |𝑋2 | = · · · = |𝑋𝑛 | = 𝑘𝑖 had pricing such that

∑
𝑗∈𝑋𝑖

𝑝 𝑗 <
1

𝑛 ,



then it would be true that

∑
𝑗∈x𝑛𝑘𝑖

𝑖
(𝑀 ) 𝑝 𝑗 < 1, however since

𝑝 𝑗 = 0∀𝑗 ∈ 𝑀 \ x𝑛𝑘𝑖
𝑖
(𝑀),

∑︁
𝑗∈𝑀

𝑝 𝑗 =
∑︁

𝑗∈x𝑛𝑘𝑖
𝑖
(𝑀 )

𝑝 𝑗 = 1,

which is a contradiction. The remaining prices for items in 𝑀′

will be less than
𝑛−1
𝑛 since

∑
𝑗∈x𝑛𝑘𝑖

𝑖
(𝑀 ) 𝑝 𝑗 = 1 and

∑
𝑗∈𝐵 𝑝 𝑗 ≥ 1

𝑛

implies ∑︁
𝑗∈x𝑛𝑘𝑖

𝑖
(𝑀 )\𝐵

𝑝 𝑗 =
∑︁

𝑗∈x𝑛𝑘𝑖
𝑖
(𝑀 ′ )

𝑝 𝑗 ≤ 1 − 1

𝑛
=
𝑛 − 1
𝑛

.

Let the new pricing 𝑝′
𝑗
= 𝑝 𝑗

𝑛
𝑛−1 for all 𝑗 ∈ 𝑀′, so ∑

𝑗∈𝑀 ′ 𝑝 𝑗 ≤ 1.

Since 𝑆∗ contained items past the top 𝑛𝑘𝑖 items, |𝑀 | > 𝑛𝑘𝑖 , and
so |𝑀′ | = |𝑀 | − 𝑘𝑖 > (𝑛 − 1)𝑘𝑖 , and since |𝑆∗ | ≤ 𝑘𝑖 , and 𝑛 ≥ 2,

(𝑛 − 1) ≥ 1, so |𝑀′ | > (𝑛 − 1)𝑘𝑖 ≥ |𝑆∗ |. Thus, it must be true that

there is an item in𝑀′ that is not in 𝑆∗. If the only such items were

not in the top (𝑛 − 1)𝑘𝑖 items, then it would have to be true that 𝑆∗

is exactly the top (𝑛−1)𝑘𝑖 items of𝑀′, in which case 𝑆∗ would have
had to be in the top 𝑛𝑘𝑖 items of𝑀 which we know to be false, so

there must be an item in x
(𝑛−1)𝑘𝑖
𝑖

(𝑀′) that is not in 𝑆∗. Choose one
such item, 𝑞 ∈ x (𝑛−1)𝑘𝑖

𝑖
(𝑀′) \ 𝑆∗, and set 𝑝′𝑞 = 𝑝′𝑞 + 1 −

∑
𝑗∈𝑀 ′ 𝑝 𝑗 .

Now, we have

∑
𝑗∈𝑀 𝑝′

𝑗
= 1.

For all 𝑗 ∈ 𝑀′ \ x (𝑛−1)𝑘𝑖
𝑖

(𝑀′), it must also be true that 𝑗 ∈
𝑀 \x𝑛𝑘𝑖

𝑖
(𝑀) since𝑀′ is exactly Mwith 𝑘𝑖 top items removed. Thus,

it must be true that 𝑝 𝑗 = 0, and so 𝑝′
𝑗
= 0

𝑛
𝑛−1 = 0 because the only

new price otherwise adjusted is𝑞, which is not in𝑀′\x (𝑛−1)𝑘𝑖
𝑖

(𝑀′).
Thus we have a price assignment (𝑝′

1
, 𝑝′

2
, . . . , 𝑝′

𝑚′ ) such that

𝑝′𝑗 ≥ 0∀𝑗 ∈ 𝑀′, 𝑝′𝑗 = 0∀𝑗 ∈ 𝑀′ \ x (𝑛−1)𝑘𝑖
𝑖

(𝑀′),
∑︁
𝑗∈𝑀 ′

𝑝′𝑗 = 1.

Any bundle of items 𝑆 ⊆ 𝑀′\{𝑞} such that∑
𝑗∈𝑆 𝑝

′
𝑗
≤ 1

𝑛−1 satisfies∑
𝑗∈𝑆 𝑝 𝑗

𝑛
𝑛−1 ≤

1

𝑛−1 or

∑
𝑗∈𝑆 𝑝 𝑗 ≤

1

𝑛 . A bundle 𝑆 that contains 𝑞

may no longer affordable. Thus, a bundle that is affordable in the

𝑛 − 1 case was also affordable in the 𝑛 case. Since the valuation of

the bundles remains the same, and every bundle 𝑆 ⊆ 𝑀′ is also a

subset of 𝑀 , the maximally valued affordable bundle in the 𝑛 case

(which is still contained in𝑀′) must also be the maximally valued

affordable bundle in the 𝑛 − 1 case. Finally we can see that this

implies the solution to the 𝑛 − 1 case contains items from outside

the top (𝑛 − 1)𝑘𝑖 items, which contradicts our inductive hypothesis.

Thus, our initial assumption must be false, and the claim must also

hold for 𝑛. □

Lemma 4.3. Let 𝐼 = ⟨𝑁,𝑀,𝑉 , 𝐾, 𝐵⟩ be an ordered instance of

fair division under ordered heterogeneous cardinality constraints,

and with equal entitlements (𝑏𝑖 =
1

𝑛 ∀𝑖 ∈ 𝑁 ). For any price vector

(𝑝1, 𝑝2, . . . , 𝑝𝑚) satisfying 𝑝 𝑗 ≥ 0∀𝑗 ∈ 𝑀 ,

∑
𝑗∈𝑀 𝑝 𝑗 = 1, the highest

valued affordable bundle consists only of items from the top 𝑛𝑘𝑖
items.

argmax

𝑆⊆𝑀

𝑓𝑖 (𝑆) |
∑︁
𝑗∈𝑆

𝑝 𝑗 ≤ 𝑏𝑖
 ⊆ x𝑛𝑘𝑖𝑖

(𝑀)

Proof. By lemma 4.2, we know this to be true if only thex𝑛𝑘𝑖
𝑖
(𝑀)

items have associated price, while the rest cost 0. Consider price

vector (𝑝1, 𝑝2, . . . , 𝑝𝑚) that does not have this property. Such a price
vector must thus have a lower price for at least one of the items in

x𝑛𝑘𝑖
𝑖
(𝑀), making it more affordable.

Thus, either the maximum value affordable bundle in this case

is the same as in the lemma 4.2 case, which would only contain of

items in the x𝑛𝑘𝑖
𝑖
(𝑀) items, or the bundle can now include an ad-

ditional or a better item from the x𝑛𝑘𝑖
𝑖
(𝑀) items. Since the pricing

is chosen to minimize the value of the maximum affordable bundle,

this pricing would not be chosen over one that assigns higher prices

to the items in the x𝑛𝑘𝑖
𝑖
(𝑀). Either way, the adversarial pricing

chosen will result in a bundle of items from the x𝑛𝑘𝑖
𝑖
(𝑀) items. □

Lemma 4.4. Let 𝐼 = ⟨𝑁,𝑀,𝑉 , 𝐾, 𝐵⟩ be an ordered instance of fair

division under ordered heterogeneous cardinality constraints, and

with equal entitlements (𝑏𝑖 =
1

𝑛 ∀𝑖 ∈ 𝑁 ). For any agent 𝑖 , the APS

value of the agent is at most their proportional share.

APS𝑖 ≤
1

𝑛
𝑣𝑖 (x𝑛𝑘𝑖𝑖

(𝑀))

Proof. Consider the price vector 𝑝 𝑗 =
𝑣𝑖 𝑗

𝑣𝑖 (x𝑛𝑘𝑖𝑖
(𝑀))

for all

items j in the top 𝑛𝑘𝑖 items, and 𝑝 𝑗 = 0 for all other j. This satisfies

price constraints, 𝑝 𝑗 ≥ 0, and

∑︁
𝑗∈𝑀

𝑝 𝑗 =
∑︁

𝑗∈x𝑛𝑘𝑖
𝑖
(𝑀 )

𝑣𝑖 𝑗

𝑣𝑖 (x𝑛𝑘𝑖𝑖
(𝑀))

=

∑
𝑗∈x𝑛𝑘𝑖

𝑖
(𝑀 )

𝑣𝑖 𝑗

𝑣𝑖 (x𝑛𝑘𝑖𝑖
(𝑀))

= 1

Any 𝑆 ⊆ 𝑀 that satisfies

∑︁
𝑗∈𝑆

𝑝 𝑗 ≤ 𝑏𝑖 , or

∑︁
𝑗∈𝑆∩x𝑛𝑘𝑖

𝑖
(𝑀 )

𝑣𝑖 𝑗

𝑣𝑖 (x𝑛𝑘𝑖𝑖
(𝑀))

≤ 1

𝑛

implies that 𝑣𝑖 (𝑆 ∩ x𝑛𝑘𝑖𝑖
(𝑀)) ≤ 1

𝑛
𝑣𝑖 (x𝑛𝑘𝑖𝑖

(𝑀)). By lemma 4.2, it

is true that using this price vector, the optimal affordable bundle

contains items only from x𝑛𝑘𝑖
𝑖
(𝑀). Thus, for

𝑆∗ = argmax

𝑆⊆𝑀

𝑣𝑖 (𝑆) |
∑︁
𝑗∈𝑆

𝑝 𝑗 ≤ 𝑏𝑖
 , 𝑆∗ ⊆ x𝑛𝑘𝑖𝑖

(𝑀)

so 𝑆∗ ∩ x𝑛𝑘𝑖
𝑖
(𝑀) = 𝑆∗ so it is true that 𝑣𝑖 (𝑆∗) ≤

1

𝑛
𝑣𝑖 (x𝑛𝑘𝑖𝑖

(𝑀)), or,

max

𝑆⊆𝑀

𝑣𝑖 (𝑆) |
∑︁
𝑗∈𝑆

𝑝 𝑗 ≤ 𝑏𝑖
 ≤

1

𝑛
𝑣𝑖 (x𝑛𝑘𝑖𝑖

(𝑀))

Since APS takes the minimum over all price vectors, the APS value

of agent 𝑖 must be at most the proportional share. □

From now on we can assume valuations are scaled such that

𝑣𝑖 (x𝑛𝑘𝑖𝑖
(𝑀)) = 𝑛 and thus MMS𝑖 ≤ 1 and APS𝑖 ≤ 1 by lemma

4.4, and item values less than
1

2
have been allocated through the

One-Good Reduction.



4.1 (1/2)-APS for Goods: via Round-Robin
The Round-Robin algorithm consists of agents in a pre-determined

order taking turns picking an item until all items are gone.

Algorithm 1 1/2-APS Under Heterogeneous Cardinalities, Round

Robin

Input: Scaled, Ordered Instance

1: 𝐴← (∅, ∅ . . . ∅) ⊲ Empty Allocation
2: while𝑀 ≠ ∅ do
3: for 𝑖 = 1 to 𝑛 do
4: Let 𝑐 = argmax𝑗∈𝑀 𝑣𝑖 ( 𝑗)
5: 𝐴𝑖 ← 𝐴𝑖 ∪ {𝑐}
6: 𝑀 ← 𝑀 \ {𝑐}
7: if 𝑀 = ∅ then
8: break

Theorem 4.1. Algorithm 1 returns a 1/2-MMS and 1/2-APS alloca-

tion under heterogeneous cardinality constraints for goods.

Proof. Every agent will receive
|𝑀 |
𝑛 items, and those who have

a cardinality bound of 𝑘𝑖 <
|𝑀 |
𝑛 will use the final valuation function

𝑓𝑖 to only give value to their top 𝑘𝑖 items, and ignore the remaining

ones.

Now, for every agent 𝑖 consider the value they are given (or value

"taken"): items 𝑖, 𝑛 + 𝑖, 2𝑛 + 𝑖, ... and the value they have missed out

on (the value the other agents have taken, or value "lost"): all other

items in the top 𝑛𝑘𝑖 items. Each item that comes before 𝑖 , which

there are less than 𝑛 of, is upper bounded by
1

2
. Every item that

comes after 𝑗𝑛 + 𝑖 for 𝑗 = 0, 1, . . . , 𝑘𝑖 is upper bounded by 𝑣𝑖 ( 𝑗𝑛 + 𝑖),
because items are sorted by value in decreasing order. There are

𝑛 − 1 items strictly between 𝑗𝑛 + 𝑖 and ( 𝑗+1)𝑛 + 𝑖 , so for each item

𝑗𝑛 + 𝑖 given to agent 𝑖 , they missed out on 𝑛 − 1 items of value at

most 𝑣𝑖 ( 𝑗𝑛 + 𝑖).
Thus the total value "taken" by 𝑖 is 𝑣𝑖 (𝑖)+𝑣𝑖 (𝑛+𝑖)+𝑣𝑖 (2𝑛+𝑖)+ ... =∑𝑘𝑖−1
𝑗=0

𝑣𝑖 ( 𝑗𝑛 + 𝑖). And the total value "lost" by 𝑖 is at most

1

2

𝑛 + (𝑛 − 1)𝑣𝑖 (𝑖) + (𝑛 − 1)𝑣𝑖 (𝑛 + 𝑖) + ... =
𝑛

2

+ (𝑛 − 1)
𝑘𝑖−1∑︁
𝑗=0

𝑣𝑖 ( 𝑗𝑛 + 𝑖)

since there are at most n items before 𝑖 that are upper bounded by

1

2
and 𝑛 − 1 items that are upper bounded by 𝑗𝑛 + 𝑖 for every item

𝑖, 𝑛 + 𝑖, 2𝑛 + 𝑖, ..., 𝑘𝑖𝑛 + 𝑖 .
The total value of the top 𝑛𝑘𝑖 items is the value of the items 𝑖

received plus the value of the items all other agents have received

from that range, or value "taken" + value "lost"

≤
𝑘𝑖−1∑︁
𝑗=0

𝑣𝑖 ( 𝑗𝑛 + 𝑖) +
𝑛

2

+ (𝑛 − 1)
𝑘𝑖−1∑︁
𝑗=0

𝑣𝑖 ( 𝑗𝑛 + 𝑖) =
𝑛

2

+𝑛
𝑘𝑖−1∑︁
𝑗=0

𝑣𝑖 ( 𝑗𝑛 + 𝑖),

and since the top 𝑛𝑘𝑖 items are valued at 𝑛, we see that

𝑛 ≤ 𝑛
2

+ 𝑛
𝑘𝑖−1∑︁
𝑗=0

𝑣𝑖 ( 𝑗𝑛 + 𝑖) =⇒ 1

2

≤
𝑘𝑖−1∑︁
𝑗=0

𝑣𝑖 ( 𝑗𝑛 + 𝑖)

so the value "taken" by 𝑖 is at least 1

2
.

Thus every agent 𝑖 takes value at least 1

2
, and since MMS and

APS are each at most 1, a bundle of value
1

2
is at least

1

2
−MMS and

at least
1

2
− APS.

□

4.2 (1/2)-APS for Goods: via Bag-Filling
In this algorithm, each agent will only have "view" of their top 𝑛𝑘𝑖
items, so they will never be given the opportunity to value a bundle

that is not in this range. In addition, any bag taken will have at

most 𝑘𝑖 items from the top 𝑛𝑘𝑖 items for every 𝑖 , and we can ensure

that the range of view of each agent decreases by 𝑘𝑖 every iteration,

so the range always equals the number of remaining agents times

𝑘𝑖 .

The bag-filling algorithm begins with nmany empty bags labeled

𝐵1 through 𝐵𝑛 . We then iterate from 𝑗 = 𝑛 to 1 to fill each bag.

In each iteration, the bag 𝐵 𝑗 will receive the 𝑘𝑚𝑎𝑥 (maximimum

cardinality over all agents) least valuable remaining goods. If an

agent values this bag at least 1/2, the bag and the agent can be

resolved. Otherwise, we enter a while loop that shifts the window

of included items in the bag by swapping the worst item in the bag

with the worst item not yet considered. This will continue until a

barrier of 𝑛𝑘𝑖 is reached for some 𝑖 , in which case |𝐵 𝑗 |−𝑘𝑖 items will

stay in place immediately before the barrier, while only 𝑘𝑖 of the

items will continue shifting. This while loop terminates when some

agent values the bag at least 1/2, which we prove is guaranteed,

the bag will be given to such an agent, and the agent and items

will be removed from the instance, and the next iteration will begin

filling the next bag. At the end of the algorithm if there are any

remaining items they can be distributed arbitrarily, as doing so can

only increase the agents’ assigned values.

Let gmin (𝑆) denote the least valuable good in 𝑆 (same for all

agents since we assume the instance is ordered) for any 𝑆 ⊆ 𝑀 .

Algorithm 2 (1/2)-APS Under Heterogeneous Cardinalities, Bag-

Filling

Input: Scaled, Ordered instance with 𝑣𝑖 ( 𝑗) < 1/2 ∀𝑖 ∈ 𝑁 ∀𝑗 ∈ 𝑀
1: 𝐴 = (∅, ∅, . . . , ∅)
2: 𝐵1 = {}, 𝐵2 = {} . . . 𝐵𝑛 = {}
3: for 𝑗 = 𝑛 to 1 do
4: Add the 𝑘𝑚𝑎𝑥 least valuable items to 𝐵 𝑗
5: while 𝑓𝑖 (𝐵 𝑗 ) < 1/2 ∀𝑖 ∈ 𝑁 do
6: updatebag(𝐼 , 𝐵 𝑗 , 𝑗 )

7: Find smallest 𝑖 ∈ 𝑁 with 𝑓𝑖 (𝐵 𝑗 ) ≥ 1/2
8: 𝐴𝑖 = x

𝑘𝑖 (𝐵 𝑗 ), 𝑀 = 𝑀 \ x𝑘𝑖 (𝐵 𝑗 ), 𝑁 = 𝑁 \ {𝑖}, 𝐾 =

𝐾 \ {𝑘𝑖 }
If there are remaining items, distribute them arbitrarily.

1: function updatebag(𝐼 , 𝐵 𝑗 , 𝑗 )

2: Let 𝑖 := min{𝑡 ∈ 𝑁 : (x 𝑗𝑘𝑡 (𝑀)) ∩ 𝐵 𝑗 ≠ 𝜙}
3: if | (x 𝑗𝑘𝑖 (𝑀)) ∩ 𝐵 𝑗 | < 𝑘𝑖 then
4: Let 𝑖′ := min{𝑡 ∈ 𝑁 : | (x 𝑗𝑘𝑡 (𝑀)) ∩ 𝐵 𝑗 | = 𝑘𝑡 }
5: Swap gmin ((x 𝑗𝑘𝑖 (𝑀))\𝐵 𝑗 ) with gmin ((x 𝑗𝑘𝑖′ (𝑀))∩𝐵 𝑗 )
6: else
7: Swap gmin ((x 𝑗𝑘𝑖 (𝑀))\𝐵 𝑗 ) with gmin ((x 𝑗𝑘𝑖 (𝑀))∩𝐵 𝑗 )



Theorem 4.2. Algorithm 2 returns a 1/2-APS allocation under

heterogeneous cardinality constraints for goods.

Proof. To prove that this algorithm finds a
1

2
−MMS and

1

2
−APS

allocation of goods to agents in polynomial time we must prove

that (i) in every iteration a bag is assigned of value at least
1

2
and

(ii) the algorithm runs in polynomial time.

To prove (i), we need to ensure that at each iteration 𝑗 of the

for-loop, the while loop in lines 5-7 eventually terminates, or more

specifically, updatebag() eventually produces a bag 𝐵 𝑗 such that

some agent i’ values it at least 1/2. To prove this, we can show that

throughout the while-loop, the invariant 𝑣𝑖 (x 𝑗𝑘𝑖 (𝑀)) ≥ 𝑗 holds for
every agent i. This will prove that when 𝑗 = 1, 𝑣𝑖 (x𝑘𝑖 (𝑀)) ≥ 1, so

for any remaining agent 𝑖 , there is a bag of size at most 𝑘𝑖 and value

at least 1, and updatebag() will find such a bag by shifting the

window in range 𝑗𝑘𝑖 up to the top 𝑘𝑖 items, through the swapping

in line 7.

We know this claim holds for 𝑗 = 𝑛, since we re-scaled the values

such that 𝑣𝑖 (x𝑛𝑘𝑖 (𝑀)) = 𝑛
Now assume that at iteration 𝑗 , 𝑣𝑖 (x 𝑗𝑘𝑖 (𝑀)) ≥ 𝑗 for all agents i.

We want to show that for the following iteration, 𝑣𝑖 (x ( 𝑗−1)𝑘𝑖 (𝑀 \
𝐵 𝑗 )) ≥ 𝑗 − 1 for all remaining agents i.

Case 1: 𝑩𝒋 ∩ x
𝒋𝒌𝒊 (𝑴) = 𝝓

In this case, if the last 𝑘𝑖 items are valued less than 1, then certainly

the remaining top ( 𝑗 − 1)𝑘 + 𝑖 will be valued greater than 𝑗 − 1. If
the items are valued greater than 1, then since every other of the

𝑗 − 1 chunks of size 𝑘𝑖 has a better value, they will also have value

greater than 1 and will add up to have value greater than 𝑗 − 1.
Case 2: 𝑩𝒋 ∩ x

𝒋𝒌𝒊 (𝑴) ≠ 𝝓
By the else of the conditional on line 4 of updatebag(), there will
never be a bag of size greater than 𝑘𝑖 taken from the top 𝑗𝑘𝑖 items.

If exactly 𝑘𝑖 items are taken, then

𝑣𝑖 (x ( 𝑗−1)𝑘𝑖 (𝑀 \ 𝐵 𝑗 )) = 𝑣𝑖 (x 𝑗𝑘𝑖 (𝑀) \ 𝐵 𝑗 ) = 𝑣𝑖 (x 𝑗𝑘𝑖 (𝑀)) − 𝑣𝑖 (𝐵 𝑗 )
by additivity of valuation. Since at iteration j the while loop ter-

minates the first time an agent (or agents) values the bag ≥ 1/2,
then in the iteration of the while loop one previous to termination,

the bag currently is valued < 1/2 for all agents, so 𝑣𝑖 (𝐵 𝑗 ) < 1/2.
During the last while loop iteration, updatebag() only adds or

swaps one good, which must be valued less than 1/2, so the bags

value cannot increase by 1/2 or more. Thus, after this iteration,

𝑣𝑖 (𝐵 𝑗 ) < 1/2 + 1/2 = 1. Thus, 𝑣𝑖 (x 𝑗𝑘𝑖 (𝑀)) − 𝑣𝑖 (𝐵 𝑗 ) ≥ 𝑗 + 1.
If the assignment in iteration j has size 𝑘 < 𝑘𝑖 taken from the top

𝑗𝑘𝑖 items, then either agent i has taken the bag or another agent

has taken a smaller portion of the original 𝐵 𝑗 . In this case there are

two possibilities:

If 𝐵 𝑗 has less than 𝑘𝑖 items of the top 𝑗𝑘𝑖 items in it then by the

conditional of updatebag() in line 3, the bag must still be at the

bottom𝑘 items in the range. Thus it will again be true that the last𝑘𝑖

items ofx 𝑗𝑘𝑖 (𝑀)will be removed tomakex ( 𝑗−1)𝑘𝑖 (𝑀\𝐵 𝑗 ), andwe
have shown inCase 1 that this will result in 𝑣𝑖 (x ( 𝑗−1)𝑘𝑖 (𝑀\𝐵 𝑗 )) ≥
𝑗 − 1.

In any other case, 𝐵 𝑗 has exactly 𝑘𝑖 items of the top 𝑗𝑘𝑖 items

in it. We know that 𝐵 𝑗 is valued at most 1 by agent i, so it must

be true that the value of the 𝑘 items taken and the 𝑘𝑖 − 𝑘 items

in the top 𝑗𝑘𝑖 items that were in 𝐵 𝑗 , but were not taken, must be

less than 1. In this case, the 𝑘𝑖 − 𝑘 items in the 𝑗𝑘𝑖 range cannot

be worse than the least valuable 𝑘𝑖 − 𝑘 items in that range. Since

x ( 𝑗−1)𝑘𝑖 (𝑀 \ 𝐵 𝑗 )) will be the same as x 𝑗𝑘𝑖 (𝑀) only missing the 𝑘

items in 𝐵 𝑗 and the 𝑘𝑖 − 𝑘 least valuable items in the 𝑗𝑘𝑖 range, this

removed value will be less or equal to the value that agent i had for

𝐵 𝑗 , which was less than 1. Thus since less than 1 value is removed,

it is true that 𝑣𝑖 (x ( 𝑗−1)𝑘𝑖 (𝑀 \ 𝐵 𝑗 )) ≥ 𝑗 − 1.
To prove that (ii) holds, we can simply observe that the algorithm

consists of one for loop which iterates exactly n times, and inside

it a while loop that iterates at most |𝑀 | times, since there are at

most |𝑀 | items that can be swapped or added. Thus, the algorithm

terminates in 𝑂 (𝑚𝑛) time. □

5 APS FOR CHORES
We start with defining relevant terms for chores and proving useful

bounds on the APS value.

5.1 Definitions, and Bounds on APS
A chores instance is given by (𝑁,𝑀, 𝐷, 𝐾) where 𝑀 is a set of

chores, and 𝐷 = (𝑑1, . . . , 𝑑𝑛) are the dis-utility functions of the

agents. Each agent 𝑖 derives dis-utility from chores, where 𝑑𝑖 ( 𝑗) ≥ 0

is the dis-utility from chore 𝑗 and 𝑑𝑖 (𝑆) =
∑
𝑗∈𝑆 𝑑𝑖 ( 𝑗) is the dis-

utility for subset 𝑆 ⊆ 𝑀 . They wish to minimize their dis-utility

subject to earning constraint. Accordingly, the definition of APS

extends to chores by interpreting the price vector as rewards that

agents earn for completing chores. We interpret the entitlement as

the earning requirement of the agent. Let 𝑅 = {(𝑟1, 𝑟2, . . . 𝑟𝑚) | 𝑟 𝑗 ≥
0 ∀𝑗 ∈ 𝑀,∑𝑗∈𝑀 𝑟 𝑗 = 1} be the set of feasible rewards vectors. The
AnyPrice share for chores can be defined as follows:

Definition 5.1 (AnyPrice Share for Chores). The AnyPrice Share

(APS) value of an agent 𝑖 with entitlement 𝑏𝑖 , denoted as APS𝑖 (𝑏𝑖 )
is defined as following

APS𝑖 := max

(𝑟1,𝑟2,...𝑟𝑚 ) ∈𝑅
min

𝑆⊆𝑀

𝑑𝑖 (𝑆) |
∑︁
𝑗∈𝑆

𝑟 𝑗 ≥ 𝑏𝑖


In the case of goods, cardinality constraints modeled the "dimin-

ishing returns" of the agents as they received more goods. However,

in the case of chores, an additional chore is more burdensome to

an agent if they already have a lot of chores to do. To model this

situation, the cardinality constraint lower bounds the number of

chores an agent must receive. Note that when such cardinality con-

straints are imposed |𝑀 | ≥ ∑
𝑖∈𝑁 𝑘𝑖 to ensure at least one feasible

allocation exists.

Definition 5.2 (AnyPrice Share Under Heterogeneous Cardinality

Constraint). The APS value of an agent 𝑖 with entitlement 𝑏𝑖 and

cardinality constraint 𝑘𝑖 is defined as

𝐴𝑃𝑆𝑖 := max

(𝑟1,𝑟2,...𝑟𝑚 ) ∈𝑅
min

𝑆⊆𝑀

𝑑𝑖 (𝑆) |
∑︁
𝑗∈𝑆

𝑟 𝑗 ≥ 𝑏𝑖 , |𝑆 | ≥ 𝑘𝑖


While the notion of APS is defined for arbitrary entitlements,

in the following sections, we only consider the setting in which

all agents have equal entitlements (i.e. 𝑏𝑖 = 1

𝑛 ) since there are

several nice properties when we restrict to this case. We prove

the properties pertinent to our algorithms in the remainder of this

section.



MMS values. MMS value of an agent 𝑖 is defined symmetrically

to the goods case:𝑀𝑀𝑆𝑖 = min𝐴∈Π𝑛 (𝑖,𝑀 ) max𝐴 𝑗 ∈𝐴 𝑑𝑖 (𝐴 𝑗 ), where
Π𝑛 (𝑖, 𝑀) is the set of all the partitions of set𝑀 in 𝑛 bundles such

that each bundle has size at least 𝑘𝑖 .

APS (MMS) Allocation. An allocation 𝐴 is said to be an APS

(MMS) allocation if for every agent 𝑖 , |𝐴𝑖 | ≥ 𝑘𝑖 and 𝑑𝑖 (𝐴𝑖 ) ≤ 𝐴𝑃𝑆𝑖
(𝑑𝑖 (𝐴𝑖 ) ≤ 𝑀𝑀𝑆𝑖 ). It is an 𝛼-APS (𝛼-MMS) allocation for an 𝛼 ≥ 1 if

for each 𝑖 ∈ 𝑁 , |𝐴𝑖 | ≥ 𝑘𝑖 and𝑑𝑖 (𝐴𝑖 ) ≤ 𝛼∗𝐴𝑃𝑆𝑖 (𝑑𝑖 (𝐴𝑖 ) ≤ 𝛼∗𝑀𝑀𝑆𝑖 ).
As for the goods case [3], it follows that an𝛼-APS allocation𝐴 is also

an 𝛼-MMS allocation. Therefore, we will focus on finding 𝛼-APS

allocation for chores, and the results extend to 𝛼-MMS allocations.

Similar to the goods’ case, the valuation functions of the agents

can be scaled so that 𝑑𝑖 (𝑀) = 𝑛 for all agent 𝑖 and we can reduce

an arbitrary instance to an ordered instance. Hence, we assume

without loss of generality that the chores are ordered from the

highest disutility to the lowest, 𝑑𝑖 ( 𝑗) ≥ 𝑑𝑖 (𝑘) ∀𝑖 ∈ 𝑁, ∀𝑗, 𝑘 ∈
𝑀 such that 𝑗 < 𝑘 .

Lemma 5.1. For any agent 𝑖 , the APS value of the agent is at least

their proportional share.

APS𝑖 ≥
1

𝑛
𝑑𝑖 (𝑀)

Proof. Consider the reward vector given by 𝑟 𝑗 =
𝑑𝑖 ( 𝑗)
𝑑𝑖 (𝑀)

. Clearly,

this reward vector is feasible. For any 𝑆 ⊆ 𝑀 that satisfies the re-

ward constraint,

∑︁
𝑗∈𝑆

𝑟 𝑗 =
∑︁
𝑗∈𝑆

𝑑𝑖 ( 𝑗)
𝑑𝑖 (𝑀)

≥ 1

𝑛
. Hence, 𝑑𝑖 (𝑆) ≥

1

𝑛
𝑑𝑖 (𝑀).

Thus, min𝑆⊆𝑀
{
𝑑𝑖 (𝑆) |

∑
𝑗∈𝑆 𝑟 𝑗 ≥ 𝑏𝑖

}
≥ 1

𝑛
𝑑𝑖 (𝑀). Since APS takes

the maximum over all reward vectors, the APS value of agent 𝑖

must be at least the proportional share. □

Note that lemma 5.1 and scaling the valuations functions so that

𝑑𝑖 (𝑀) = 𝑛 imply that APS𝑖 ≥ 1 for all agents 𝑖 ∈ 𝑁 .

Lemma 5.2. The APS value of any agent 𝑖 ∈ 𝑁 is greater than the

disutility of any single chore 𝑗 ∈ 𝑀 .

APS𝑖 ≥ 𝑑𝑖 ( 𝑗) ∀𝑖 ∈ 𝑁, 𝑗 ∈ 𝑀
In the case of cardinality constraints, APS𝑖 ≥ 𝑑𝑖 ( 𝑗) +𝑑𝑖 (x𝑘𝑖−1 (𝑀))

Proof. We set the reward for chore 𝑗 to 1 and 0 for any other

chore. To satisfy the reward constraint, the agent must have chore

𝑗 in their APS bundle. Hence, APS𝑖 ≥ 𝑑𝑖 ( 𝑗). When a cardinality

constraint is imposed, the APS bundle must contain 𝑘𝑖 chores. The

constraint can be satisfied by picking the 𝑘𝑖 − 1 chores in𝑀 with

the least disutility. □

Lemma 5.3. Let 𝑆𝑙 = {𝑙𝑛 − 𝑙 + 1, 𝑙𝑛 − 𝑙 . . . 𝑙𝑛 + 1} for any 𝑙 such
that 𝑙𝑛 + 1 ≤ |𝑀 |

APS𝑖 ≥ 𝑑𝑖 (𝑆𝑙 )

Proof. We assign a reward of
1

𝑙𝑛+1 to the chores 1, 2, . . . 𝑙𝑛 + 1
and 0 to the rest. Any bundle that satisfies the reward constraint

must contain at least 𝑙 + 1 chores. Since 𝑆𝑙 contains the 𝑙 + 1 chores
with the least disutility and non-zero reward, all bundles satisfying

the reward constraint must have a higher disutility than 𝑆𝑙 . Hence,

the APS value for agent 𝑖 must be greater than the disutility of

𝑆𝑙 □

As a direct consequence of lemma 5.2 and 5.3, we have that

APS𝑖 ≥ 𝑑𝑖 (1) ≥ 𝑑𝑖 (2) · · · ≥ 𝑑𝑖 (𝑛) and APS𝑖 ≥ 𝑑𝑖 (𝑛) + 𝑑𝑖 (𝑛 + 1) ≥
2𝑑𝑖 (𝑛 + 1). Hence,

APS𝑖

2

≥ 𝑑𝑖 (𝑛 + 1) ≥ 𝑑𝑖 (𝑛 + 2) · · · ≥ 𝑑𝑖 (𝑚).
Note that all proofs presented in this section are also valid for

the APS under heterogeneous cardinality constraints.

5.2 2-APS for Chores
We present a simple round-robin-style algorithm that ensures that

every agent receives at most twice their APS value under the as-

sumption that |𝑀 | ≥ 𝑛𝑘𝑚𝑎𝑥 where 𝑘𝑚𝑎𝑥 = max𝑖∈𝑁 𝑘𝑖 .

Algorithm 3 2-APS Under Heterogeneous Cardinalities

Input: Scaled, Ordered Instance

1: 𝐴← (∅, ∅ . . . ∅) ⊲ Empty Allocation
2: while𝑀 ≠ ∅ do
3: for 𝑖 = 1 to 𝑛 do
4: Let 𝑐 = argmax𝑗∈𝑀 𝑑𝑖 ( 𝑗)
5: 𝐴𝑖 ← 𝐴𝑖 ∪ {𝑐}
6: 𝑀 ← 𝑀 \ {𝑐}
7: if 𝑀 = ∅ then
8: break

Theorem 5.1. Algorithm 3 returns a 2-APS allocation under het-

erogeneous cardinality constraints for chores.

Proof. Since we assume that |𝑀 | ≥ 𝑛𝑘𝑚𝑎𝑥 , there are at least
𝑘𝑚𝑎𝑥 rounds of allocation. Every agent receives at least𝑘𝑚𝑎𝑥 chores

and their cardinality constraint is satisfied. It remains to show that

each agent values their bundle at most twice their APS value.

Consider𝐴1 = {1, 𝑛+1, . . . (⌊𝑚𝑛 ⌋−1)𝑛+1} and𝐴𝑛 = {𝑛, 2𝑛, . . . ⌊𝑚𝑛 ⌋𝑛}.
Since every agent picks their worst available chore and agent 𝑛 has

to pick last in every round,𝐴𝑛 contains the best chore (i.e. the chore

with the lowest disutility) from every round. Thus, 𝐴𝑛 is the best

bundle amongst 𝐴1, 𝐴2 . . . 𝐴𝑛 for all agents. By similar reasoning,

𝐴1 is the worst. Since 𝐴1, 𝐴2, . . . 𝐴𝑛 partition 𝑀 , for any agent 𝑖 ,

𝑛𝑑𝑖 (𝐴𝑛) ≤ 𝑑𝑖 (𝐴1 ∪ 𝐴2 · · · ∪ 𝐴𝑛) = 𝑑𝑖 (𝑀) = 𝑛. Hence, 𝑑𝑖 (𝐴𝑛) ≤ 1.

Since,

𝑑𝑖 (𝑛 + 1) ≤ 𝑑𝑖 (𝑛),
𝑑𝑖 (2𝑛 + 1) ≤ 𝑑𝑖 (2𝑛),
.
.
.

𝑑𝑖

(( ⌊𝑚
𝑛

⌋
− 1

)
𝑛 + 1

)
≤ 𝑑𝑖

(( ⌊𝑚
𝑛

⌋
− 1

)
𝑛

)
implies 𝑑𝑖 (𝐴1 \ {1}) ≤ 𝑑𝑖 (𝐴𝑛). Therefore,

𝑑𝑖 (𝐴𝑖 ) ≤ 𝑑𝑖 (𝐴𝑛 ∪ {1})
≤ 1 + APS𝑖
≤ 2APS𝑖 .

Hence, each agent values the bundle received by them at most

2APS𝑖 . □



5.3 (3/2)-APS for Chores Under Homogeneous
Cardinality Constraints

Under the assumption that all agents have the same cardinality i.e.

(𝑘𝑖 = 𝑘) and 𝑑𝑖 (1) − 𝑑𝑖 (𝑛) ≤ 1

2
(after ordering and scaling), we can

provide a better approximation of the APS value to the agents.

To do so, we use a bag-filling style algorithm. We preallocate the

𝑛 worst chores in separate bags. In each iteration, we consider a

window of the 𝑘 − 1 worst chores that have not been assigned to a

bag and add it to the current bag. If the value of the current bag is

less than 1 for some agent, we expand this window until it has a

value of at least 1 for every agent or the number of chores outside

the window becomes too few and assign the bag to the agent who

values it the least. If the value of the current bag is more than 3/2
for every agent, we slide the window until the value becomes less

than 3/2 for some agent, at which point we assign it to the agent.

In the following algorithm, for any set of chores 𝑆 ⊆ 𝑀 let

x𝑘 (𝑆),W𝑘 (𝑆) denote the 𝑘 chores with the lowest disutility in

𝑆 and the highest disutility respectively. We omit the superscript

when referring to the lowest or highest disutility chore in 𝑆 .

Algorithm 4 (3/2)-APS Under Homogeneous Cardinalities

Input: Scaled, Ordered Instance with 𝑘𝑖 = 𝑘 , |𝑀 | = 𝑛𝑘 , 𝑑𝑖1 −𝑑𝑖𝑛 ≤
1

2
∀𝑖 ∈ 𝑁

1: 𝐵1 = {1}, 𝐵2 = {2} . . . 𝐵𝑛 = {𝑛}
2: 𝐴← (∅, ∅ . . . ∅)
3: for 𝑟 = 1 to 𝑛 − 1 do
4: 𝐵𝑟 ← 𝐵𝑟 ∪W𝑘−1 (𝑀 \ (𝐵𝑟 ∪ 𝐵𝑟+1 ∪ . . . 𝐵𝑛))
5: if 𝑑𝑖 (𝐵𝑟 ) < 1 for some agent 𝑖 ∈ 𝑁 then
6: while 𝑑𝑖 (𝐵𝑟 ) < 1 for some 𝑖 ∈ 𝑁 and |𝑀 \ 𝐵𝑟 | > (𝑛 −

𝑟 )𝑘 do
7: AddW((𝑀 \ (𝐵𝑟 ∪ 𝐵𝑟+1 ∪ . . . 𝐵𝑛)) to 𝐵𝑟
8: else
9: while 𝑑𝑖 (𝐵𝑟 ) > 3/2 ∀𝑖 ∈ 𝑁 do
10: Swap 𝑐 :=W(𝐵𝑟 \ {𝑟 }) with

𝑐′ :=W({ 𝑗 ∈ 𝑀 \ (𝐵𝑟 ∪ 𝐵𝑟+1 ∪ . . . 𝐵𝑛) : 𝑐 < 𝑗})
11: Find 𝑖 ∈ 𝑁 s.t 𝑑𝑖 (𝐵𝑟 ) ≤ 3/2
12: 𝐴𝑖 ← 𝐵𝑟
13: 𝑀 ← 𝑀 \ 𝐵𝑟
14: 𝑁 ← 𝑁 \ {𝑖}
15: Let 𝑖′ ∈ 𝑁
16: 𝐴𝑖′ ← 𝑀

17: return 𝐴

Theorem 5.2. Algorithm 4 terminates and returns a (3/2)-APS

allocation under homogenous cardinality constraints for chores.

Proof. We first observe that at the start of any iteration 𝑟 , |𝑀 | ≥
(𝑛 − 𝑟 + 1)𝑘 . When 𝑟 = 1, this claim is trivially true. Let 𝑀𝑟 and

𝑁𝑟 denote the set of unallocated chores and remaining agents at

the start of iteration 𝑟 respectively. For any iteration 𝑟 > 1, the

size of the bag allocated is at most |𝑀𝑟 | − (𝑛 − 𝑟 )𝑘 , which implies

|𝑀𝑟+1 | ≥ (𝑛 − 𝑟 )𝑘 . Hence, the claim holds inductively.

Another useful observation is that for any bag 𝐵𝑟 generated by

the𝑤ℎ𝑖𝑙𝑒 loop in lines 9−10,𝑑𝑖 (𝐵𝑟 ) ≥ 1 for any agent 𝑖 ∈ 𝑁𝑟 ′ ∀𝑟 ′ >
𝑟 . Assume to the contrary that there exists some agent 𝑗 ∈ 𝑁 ′𝑟 for
𝑟 ′ > 𝑟 such that 𝑑 𝑗 (𝐵𝑟 ) < 1. Let 𝑐′ ∈ 𝐵𝑟 and 𝑐 ∈ 𝑀𝑟+1 be the last

chores swapped by the𝑤ℎ𝑖𝑙𝑒 loop. Agent 𝑗 ’s value for 𝐵𝑟 before the

swap must be less than 3/2 since 𝑑 𝑗 (𝑐) −𝑑 𝑗 (𝑐′) ≤ 1/2 by a corollary
of lemma 5.2. Thus, the𝑤ℎ𝑖𝑙𝑒 loop would have terminated before

swapping 𝑐 and 𝑐′ which is a contradiction. A direct consequence

of this observation is that if for some agent 𝑖 ∈ 𝑁𝑟 ′ , 𝑑𝑖 (𝐵𝑟 ) < 1 for

some 𝑟 < 𝑟 ′ implies 𝐵𝑟 was produced through the 𝑤ℎ𝑖𝑙𝑒 loop in

lines 6 − 7.
To show that every agent receives at least 𝑘 chores, we note that

𝐵𝑟 contains 𝑘 items after line 4. Throughout the for loop, we either
add or swap chores 𝐵𝑟 . Thus, if iteration 𝑟 terminates, then the bag

produced has at least 𝑘 items. If all the iterations terminate, then

by the first observation above |𝑀𝑛 | ≥ 𝑘 .
We argue that every iteration terminates. During iteration 𝑟 , the

algorithm either enters the 𝑤ℎ𝑖𝑙𝑒 loop in lines 6 − 7 or the 𝑤ℎ𝑖𝑙𝑒
loop in 9− 10. The first𝑤ℎ𝑖𝑙𝑒 loop is guaranteed to terminate since

|𝐵𝑟 | can only grow until it reaches |𝑀 | − (𝑛 − 𝑟 )𝑘 .
If we enter the second 𝑤ℎ𝑖𝑙𝑒 loop, then 𝑑𝑖 (𝐵𝑟 ) > 1 for every

agent 𝑖 ∈ 𝑁𝑟 . We claim that this implies 𝑑𝑖 (𝑀𝑟 ) ≤ 𝑛 − 𝑟 + 1 for

every 𝑖 ∈ 𝑁𝑟 . For the sake of contradiction, assume 𝑑𝑖 (𝑀𝑟 ) >

𝑛 − 𝑟 + 1. This is only possible if for some 𝑟 ′ < 𝑟 , 𝑑𝑖 (𝐵𝑟 ′ ) < 1.

As argued above, this implies 𝐵𝑟 ′ was produced by the first𝑤ℎ𝑖𝑙𝑒

loop. Since 𝑑𝑖 (𝑟 ′) > 𝑑𝑖 (𝑟 ) and 𝐵𝑟 ′ contained the worst |𝐵′𝑟 | − 1

goods in 𝑀 \ (𝐵𝑟 ′ . . . 𝐵𝑛) implies 𝑑𝑖 (𝐵𝑟 ) < 𝑑𝑖 (𝐵𝑟 ′ ) < 1. This is a

contradiction.

Using the facts that |𝑀𝑟 | ≥ (𝑛 − 𝑟 + 1)𝑘 and 𝑑𝑖 (𝑀𝑟 ) ≤ 𝑛 − 𝑟 + 1,
we argue that the second𝑤ℎ𝑖𝑙𝑒 loop must terminate. Consider the

set 𝑆𝑟 := {𝑟 } ∪ x𝑘−1 (𝑀𝑟 ). There are at least (𝑛 − 𝑟 + 1) disjoint
sets of size 𝑘 in 𝑀𝑟 \ {𝑟, 𝑟 + 1, . . . 𝑛} with value at least as high as

x𝑘−1 (𝑀𝑟 ). For any agent 𝑖 ,

𝑑𝑖 (𝑀𝑟 ) = 𝑑𝑖 (𝑀𝑟 \ {𝑟, 𝑟 + 1, . . . 𝑛}) +
𝑛∑︁
𝑐=𝑟

𝑑𝑖 (𝑐) +
𝑛∑︁
𝑐=𝑟

𝑑𝑖 (𝑐) − 𝑑𝑖 (𝑟 )

If 𝑑𝑖 (𝑆𝑟 ) ≥ 3/2 for some agent 𝑖 ∈ 𝑁𝑟 then,

𝑑𝑖 (𝑀𝑟 \ {𝑟, 𝑟 + 1, . . . 𝑛}) +
𝑛∑︁
𝑐=𝑟

𝑑𝑖 (𝑐) ≥
3

2

(𝑛 − 𝑟 + 1)

By our assumption, 𝑑𝑖 (1) − 𝑑𝑖 (𝑛) < 1/2 =⇒
𝑛∑︁
𝑐=𝑟

𝑑𝑖 (1) − 𝑑𝑖 (𝑟 ) ≤
1

2

(𝑛 − 𝑟 + 1)

𝑑𝑖 (𝑀𝑟 ) >
3

2

(𝑛 − 𝑟 + 1) − 1

2

(𝑛 − 𝑟 + 1) = 𝑛 − 𝑟 + 1

But this is a contradiction. Hence 𝑆𝑟 must have a value of at most

3/2 for every agent in 𝑁𝑟 . Thus the second𝑤ℎ𝑖𝑙𝑒 loop is guaranteed
to terminate when 𝐵𝑟 = 𝑆𝑟 .

It only remains to be shown that every agent receives a bundle

of value at most 3/2. It is clear that the bag received by an agent

through the for loop has a value of at most 3/2 for the agent. Let
𝑖′ be the last agent to receive an allocation. If in every iteration,

𝑑𝑖′ (𝐵𝑟 ) > 1, then 𝑑𝑖′ (𝑀𝑛) ≤ (𝑛 − 𝑛 + 1) ≤ 1. Otherwise, for some

𝑟 ′ < 𝑛, 𝑑𝑖′ (𝐵𝑟 ′ ) < 1. This implies that 𝑑𝑖′ ({𝑟 ′}∪W𝑘−1 (𝑀𝑟 ′ \ (𝐵𝑟 ′ ∪
. . . 𝐵𝑛))) < 1. There is a bijection 𝑓 from𝑀𝑛 to {𝑟 ′} ∪W𝑘−1 (𝑀𝑟 ′ \
(𝐵𝑟 ′∪ . . . 𝐵𝑛)) such that 𝑑𝑖′ (𝑓 (𝑐)) < 𝑑𝑖′ (𝑐) for every 𝑐 ∈ 𝑀𝑛 . Hence,
𝑑𝑖′ (𝑀𝑛) < 1. Thus, the bundle received by every agent has a value

of at most 3/2 for them. □



6 BEST-OF-BOTH-WORLDS (BOBW)
GUARANTEES

In this section, we extend our algorithms to best of both worlds
setting in which we want to provide agents with both ex-ante and

ex-post guarantees over randomized allocations. In the best of both
worlds under cardinality constraints setting, the guarantees must

be with respect to the final valuation functions 𝑓𝑖 ’s in the goods’

case. In the case of chores, the ex-post allocation must satisfy each

agent’s cardinality constraints.

BoBW for Goods.We present a round-robin-based algorithm to

generate a distribution (with linear size support) over allocations

that guarantees every agent their proportional share ex-ante and

(1/2) − APS ex-post. We invoke round-robin as a subroutine to

generate allocations. In addition to passing 𝑁 and𝑀 as arguments

to round-robin, we also pass a tuple (𝑖1, 𝑖2, . . . 𝑖𝑛) where 𝑖𝑘 ∈ 𝑁 ∀𝑘
to specify the order in which the agents pick goods. As before, we

assume that the instance is ordered and the valuation functions are

scaled so that 𝑣𝑖 (x𝑘𝑖𝑛 (𝑀)) = 𝑛 for every agent.We also assume that

|𝑀 | > 𝑛𝑘𝑚𝑎𝑥 (where 𝑘𝑚𝑎𝑥 is the max cardinality over all agents)

without loss of generality since we can always pad the instance

with zero-valued goods.

Algorithm 5 Ex-ante Prop and Ex-post (1/2)-APS under Cardinality
Constraints

Input: Scaled, Ordered Instance with |𝑀 | > 𝑛𝑘𝑚𝑎𝑥
𝑟 ← (1, 2, . . . 𝑛) ⊲ Initial Ordering of Agents
𝐷 ← ∅ ⊲ Empty Distribution
for 𝑘 = 1 to 𝑛 do

𝐴𝑘 ←Round-Robin(N, M, r)

Insert (1/𝑛,𝐴𝑘 ) into 𝐷
Cyclically permute 𝑟

return 𝐷

Theorem 6.1. Given an instance (𝑁,𝑀,𝑉 , 𝐾) with goods and

heterogeneous cardinality constraints, the distribution returned

by Algorithm 5 guarantees every agent their proportional share

ex-ante and (1/2) − APS ex-post.

Proof. Let 𝐴𝑘𝑖 refer to the bundle received by agent 𝑖 in alloca-

tion 𝐴𝑘 . Since we go through all cyclic permutations of (1, 2 . . . 𝑛)
and the goods are ordered, every good 𝑗 ∈ 𝑀 belongs to 𝐴𝑘𝑖 for

exactly one value of 𝑘 . Hence, in expectation, agent 𝑖 receives a 1/𝑛
fraction of every good. Clearly, this fractional allocation is propor-

tional. As argued in section 3, every allocation in 𝐷 is (1/2) − APS
for all agents. Hence, the ex-post guarantee is also satisfied. □

BoBW for Chores. Since this round-robin algorithm makes no

assumption about the ordering of the agents, we note that it can

be extended to the best of both worlds guarantee for chores under
the heterogeneous cardinality constraints, in the same way as the

goods’ case. In particular, we get the following:

Theorem 6.2. For a chores instance (𝑁,𝑀, 𝐷, 𝐾) with heteroge-

neous cardinality constraints, there exists an algorithm that guar-

antees every agent their proportional share ex-ante and 2-APS

ex-post.
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