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Abstract

Deterministic Volume Computation.

1 Introduction

Computing the volume is an ancient and difficult problem, even for convex bodies. Dyer and
Frieze [ ] showed that even for an explicit polyhedron specified by a unimodular constraint
matrix, computing the volume is #P-hard. In fact, even approximating the volume of a con-
vex body is notoriously difficult. In the general membership oracle model, it was shown by
[ , , | that any deterministic algorithm that computes a polynomial (in the dimen-
sion) relative approximation of the volume of a convex body must incur exponential complexity.
Against this backdrop, the randomized polynomial-time approximation scheme of Dyer, Frieze and
Kannan | | was a surprising breakthrough that heralded an age of new techniques for random-
ized algorithms and analysis for volume computation that have also been extended to logconcave
integration [ , , , , , , , , , , , ].

Our interest here is in deterministic algorithms when the input is specified explicitly (and
therefore the membership oracle model lower bounds do not apply). Even for explicitly specified
polyhedra, the known efficient algorithms are essentially the same as in the membership oracle
model and rely heavily on randomization — they are based on sampling a sequence of distributions
by Markov chains. If P=BPP, one expects a polytime deterministic algorithm in the Turing Machine
model. The main motivation for the present paper is to understand classes of convex bodies whose
volume can be estimated by efficient deterministic algorithms.

Going back to the original #P-hardness proof of Dyer and Frieze | |, the core problem
shown to be hard is very simple: Let P be the polytope obtained by intersecting the unit hypercube
[0, 1]™ with a single halfspace with a nonnegative constraint vector, 'z < b. Computing the volume
of this family of polytopes, equivalently, computing the probability that a random point in a unit
hypercube satisfies a given linear constraint, is already #P-hard!



Theorem 1.1 (Polytope Volume is#P-hard [DF88a]). Let P(A,b) = {x € R™ : Az < b} be
a polyhedron. A,b have rational entries where A = (a;5), i = 1,2,...,m, j = 1,2,...,n, and
b= (b;), i =1,2,...,m. Computing vol(P(A,b)) is #P-hard even when A is totally unimodular;
it is also #P-hard for P =1[0,1]" N {xz : a'x < b} for a given integer vector a.

1.1 Results

N
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Our first result is a deterministic fully polynomial-time approximation scheme for a hypercube
truncated by a single arbitrary halfspace, as depicted in Figure 1.1.

Theorem 1.2. Given a € R",b € R,e > 0, we can find Z' € R>q approzimating the volume of
polytope P =[0,1]" N{x :a'x < b} s.t.

vol(P) < Z' < (1 +¢)vol(P)

&
maz bit size of any input number.

using O <”3 (log 2 + L)4> arithmetic operations on O(L + logn)-bit numbers, where L € R> is the

While there are known formulas giving the volume of a hypercube clipped by a single hyper-
plane [BS79], they rely on exponentially many arithmetic operations.

Our next result is the more general setting of a hypercube truncated by a decomposable convex
constraint, as depicted in Figure 1.2. These special constraints include p-norm balls {x : ||z||, < b}
for any b > 0.

Theorem 1.3. Given nondecreasing, univariate, convex functions f; : R — Rxso for j € [n],
beR,e >0, we can find Z' € R>o approzimating the volume of Q@ = [0,1]" N{z : Z?Zl fi(z;) < b}
8.1.

vol(Q) < Z' < (1 +¢)vol(Q)

using O(n® (Lo + log(2))?L/e) arithmetic operations on O(L + logn)-bit numbers, where L € Rxq
is the maz input bit size and L, = logvol(Q).

We then extend these results to a fixed number of constraints, as depicted in Figure 1.3. We
give a deterministic fully polynomial-time approximation scheme for a hypercube truncated by k



halfspaces defined by normals with nonnegative coefficients. The complexity is polynomial in the
dimension for any fixed k.

Theorem 1.4. Given A € R%” and b € Rg(): e > 0, we can find Z' € R>o approzimating the
volume of polytope P = [0,1]" N {x : Ax < b} s.t.

vol(P) < Z' < (1 + ¢€)vol(P)

in no(kz)(log% + L)OW) /00 qrithmetic operations on O(L + logn)-bit numbers, where L € R

s the max input bit size.

Note that there is also a formula for the volume of the cube intersected with multiple halfspaces,
extended by [ ]. Again, this is an exponential computation.

Our last result is an extension to the intersection of a hypercube with multiple decomposable
convex constraints, as depicted in Figure 1.4.

Theorem 1.5. Given nondecreasing convex functions fi; : R — R>q fori € [k], j € [n], b € RY,
e >0, we can find Z' € R>o approzimating the volume of Q = [0, 1]" N{z : Y31, fij(z;) < b; Vi€
[k]} s.t.

vol(Q) < Z' < (1 +¢)vol(Q)

in n°*) (log 2+ L+ Lo)P®) /OW) qrithmetic operations on O(L + L, + log n)-bit numbers, where
L € R> is the maz input bit size and L, is the output bit size of vol(Q).

[ | gives a quasi-polynomial deterministic approximation algorithm for computing the vol-
ume of a hypercube intersected with two sets. Both of these sets are of the form {x : " | fi(x;) <
b} where each f; is a polynomial function rather than our requirement of nonnegative, nondecreas-
ing, and convex. [ | gives an FPTAS for determining the volume of the truncated fractional
matching polytope for a hypergraph with bounded maximum degree. | | gives a polynomial-
time deterministic algorithm for approximating the volume of the Kostka polytope within an expo-
nential multiplicative factor. | | gives a deterministic algorithm for approximating the volume
of the nonnegative orthant intersected with m hyperplanes. While the runtime of this algorithm is
polynomial, the approximation factor is exponential in the number of constraints.

Our results are the first deterministic polynomial-time approximation schemes for volume for
truncated hypercubes; they generalize and improve the complexity of several special cases studied
in the literature.

1.2 Techniques

The algorithms in this paper rely on choosing a lattice for which the fraction of lattice points within
our polytope (or convex body) P approximates its volume vol(P). We find such a lattice by first
scaling our polytope P by a factor of u € Z (it now lies in the [0,u]|™ cube) and using points with



integer coordinates. For sufficiently large u, we can guarantee that the number of integer points is
a good approximation of u" - vol(P). We then adapt known fully polynomial-time approximation
schemes for counting integer solutions under read once constraints.

Our algorithm for Theorem 1.2 relies on counting knapsack solutions. We call on the following
result by [ ]

Theorem 1.6 (Stefankovic-Vempala-Vigoda). Let w1, ..., w, and C be an instance of a knapsack
problem. Let Z be the number of solutions of the knapsack problem. There is a deterministic
algorithm COUNT_-KNAPSACK (e) which, for any € € (0,1), outputs Z' such that

1-e)zZ<Z <2
The algorithm runs in time O(nc~1log(n/¢)).

Our algorithm for Theorem 1.3 relies on counting integer solutions under a read-once constraint.
We call on the following result by | l.

Theorem 1.7 (Extension to Theorem 1.3 in | ). Given set S(f,b,u) ={z€{0,1,...,u—
1 370 fi(wy) < b} and & > 0, there is a deterministic algorithm ROUND_ROBP(S) that
computes an & relative error approzimation for |S(f,b,u)| in O(n®(logu)?(logb)/d) time.

For Theorems 1.4 and 1.5 our FPTAS to count integer points relies on adapted theorems from
[ I

Lemma 1.8 (Extension to | D). Let Uy, = {0,...,u1} x - x{0,...,un}. Consider set S =
Nieik)Si where S; = {z € U, : Z;‘Zl fij(z;) < b;} where each fij : R — Rxq is conver and
nondecreasing. There exists a set

" 0 fiy(ay)
I — A, / A I o \*) <92 2
S" =N S;  where  S;={z €U ;L b, | <2n*}
such that |S| < |S'| < 2nF|S].
Theorem 1.9 (Extension to Theorem 1.2 of | 1). Let S = My S(fi, bi, w) where S(fi, by, u) =

{z e {0,...;u1}x---x{0,...,u,}: 22:1 fij(z;) < b;} where each f;;j : R — R>q is convex and non-
decreasing. There is a deterministic algorithm ROUND_-ROBPS(0) which, for any 6 > 0, outputs
V' such that

S| <V < (1+0)5]
mn

O(kQ)(@)O(k) logb time where U = max;¢, u; and b = max;e) b;.

The assumption that the normals to the truncating hyperplanes have nonnegative coefficients
is necessary for the techniques we use, i.e., one cannot extend the method of approximating volume
through approximately counting integer points when coefficients are allowed to be negative. This is
because there is no multiplicative approximation for the cardinality of such a set, unless P = N P.
More precisely, we have the following result.



Theorem 1.10. Given a € Z",b € Z, determining whether the set S = {x € {0,1}" : —b<a'z <
b} is empty is NP-hard and hence |S| cannot be approximated to within any multiplicative factor
unless P=NP.

2 Preliminaries

The following definitions and propositions will be referenced throughout
the paper.

Definition 2.1 (Rounded Convex Body). For a convezr body K, r €
R>0, and the Euclidean distance metric d : R" x R* — R>q, K + B(r) is
the convez body {y : Iz € K with d(z,y) <r}. See figure 2.1.

Figure 2.1

Definition 2.2 (Dilated Convex Body). Given a convex body K and
r € R>o, rK is the convex body {rz : x € K}. Note that vol(rK) = r"vol(K).

Definition 2.3 (Closure). Given a convexr body K, its closure cl(K) is defined as the intersection
of all closed bodies containing K. FEquivalently, it is the smallest closed body containing K.

Definition 2.4 (Nondecreasing Function). A function f : R™ — R is said to be nondecreasing if
for every x,y € R", we have that Vj € [n],z; < y; implies that f(x) < f(y).

Definition 2.5. We use 1,, to refer to the length n vector where each entry is a 1. Similarly, Oy,
refers to the length n vector where each entry is a 0.

Proposition 2.1. Let f : R>g — R>g be a nondecreasing and convex function. Take h(x) =
f(z) — f(0). Then h is also nonnegative, nondecreasing and convezx.

Proof of Proposition 2.1. Since f(zx) is nondecreasing, we have f(0) < f(x) for all z > 0. Thus,
h(xz) = f(z) — f(0) > 0. Also, h is nondecreasing and convex since f; is nondecreasing and convex,
and h subtracts the same number f(0) on every input. O

Proposition 2.2. Let b € R>o, u € Z4, and f;; : R = Rx>q be nonnegative, nondecreasing, and
convex functions for i € [k],j € [n]. Let K = {z € [0,u)" : X7, fi;(§) < b; Vi€ [k]}. Consider
the axis-aligned partition of [0,u)"™ into unit cubes, and let C' be the subset of these cubes that
intersect K. Let £ = min{u, min;c ;) minjcp, uf;l(bl)} be the smallest azis-intercept of cl(K) on
any axis. Then

Vol (K) < vol(C) < <1 + W)nvol(K).

Proof of Proposition 2.2. Let Z = KNZ™ be the integer pointsin K and C, = {z: z <z < z+1,}.
Then, C' = U,czC,. See Figure 2.2 for an example. We will prove that

KCCCK+B(Vn)C 1+ \f)d(K),

5



where r = {/2n.

We first ague that K C C: Consider any = € K, and let Z be such that z; = |x;] for all i € [n].
Note that z < < T+ 1,. Since z € [0,u)", it follows that z € [0,u — 1] C [0,u]™. By the
nondecreasing property of each f;;, we have Z;‘L:1 fij(@/u) < Z?Zl fij(z/u) < b; for all 4. Finally,
T € Z" by construction, and so £ € Z. Thus z € Cz C C.

Next we argue that C' C K 4+ B(y/n):

Consider any =z € C, and take T € Z C K such that z € Cz. Note that since C; has length 1,
the furthest distance within this cube is y/n, and so the distance between z and Z (a point in K)
is at most /n. Thus z € K + B(y/n).

Now we argue that K + B(y/n) C (1 + /n/r)cl(K). It is clear that K C (14 /n/r)K C
(14 +/n/r)cl(K), but we must also show this for K + B(y/n) \ K.

First, note that if 0, ¢ K then b; < 3°7_, fij(z/u) < 377, fij(x/u) for all z € [0,u)", and
so K = (). In this case, the claim follows clearly, so we assume that 0 € K. In addition, K is
the intersection of level sets of convex functions and a convex body, so it is convex. Recall that
¢ = min{u, min;e ) Min e, u figl(bi)} is the smallest x;-intercept, and so the entire x; axis between
0 and ¢ lies within cl(K) for every j € [n].

These facts imply that K contains the simplex S := {z : }7%_, x; < ¢}. Consider the ball
B(z,r) where r = £/2n and z; = £/2n for every j € [n]. See figure 2.3 for these objects. Note that
for any 7 € B(z,r), £; < £ for all j € [n], and so D1y <37 g b/n =" Thus 7 € S C cl(K).

Now consider z € K + B(y/n) \ K, and let 2’ be the point in cl(K) that is closest to x. Note
that 2’ will be a boundary point of cl(K). By definition of K + B(y/n), d(z,z') < \/n, where
d: R" x R" = R>¢ is Euclidean distance. By triangle inequality

daz)tvn V0 g Y

d
d(z,z) < d(z',z) + d(z,z’) and thus e A7) "

<

where the last inequality comes from the fact that B(z,r) lies fully within K, and thus boundary
point ' € K is at least distance r from z. See figure 2.4 for an example.
Thus, K C C C (14 y/n/r)cl(K) and consequently

vol(K) < vol(C) C <1 + *{?)nvol(du{)) - <1 + *{?)nvol(f().
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Lemma 2.3. Letb € Rgo and let f;; : R — Rx>g be nondecreasing, nonnegative and convex functions
forie[k],j € [n]. Let

n2-o

u >

}

max{1,

__inax T

i€[k],j€[n] f'LJ (bz)
n T '

K={ze[0,u)": Zfij(zﬂ) <b; Vielk]}
j=1

7 =7"NK.

Then, for any e > 0, for V such that |Z| <V < (1+ §)|Z|, we have vol(K) <V < (1 +¢)vol(K).

Proof of Lemma 2.5. Consider points Z which are all the integer points in K. For any z € Z, we
will consider the length 1 cube rooted at this point: C, ={z: 2z <z < z+1,}.

Note that C' = U,ezC, is a subset of the partition of [0,u]™ into length 1 cubes with integer
vertices. Thus,

vol(C) = vol(UoezC2) = > vol(C2) = Y (1") = |Z].
2€Z 2€Z
Take u as in the statement of the lemma and ¢ = min{u, m{lﬁ m%n} u f;l(bz)} Note that ¢ is exactly
1E|R] JEN
the smallest axis-intercept of cl(K). We can apply Prop. 2.2 to get that

2ny/n
L

vol(K) < vol(C) < (1 + )n vol (K)

From this, we have

vol(K) < vol(C) = 2] < V < (1 + g)|Z| =(1+ g)voI(C) <(1+ g) (1 + Z”ﬁ) vol (K)

We explore two cases for ¢ = min{u, m[l]ﬁ m%n] u f;l(bz)} and show that ¢ > 9n?5 /e.
1E|K] JEN



Case 1: £ =u > 2% max{1, max;c ) jefn) RO

Case 2: { = minminuf;; L(b;). From the assumptlon on wu, it follows that u > 2222 __1
i€lk] j€[n] = i )

Vi € [k],Vj € [n]. Thus, uf;; L(b )>9” foreveryzj,andsof—m[llﬁm%n]ufml(bi)zgzi
SLAWISI

Thus it always holds that ¢ > 9”?, and so
2
ng/ﬁ)”vol(K)
2 2nt
VI LK) 'S series since

7 By Taylor’s series since 7
4n?5  4en?d

9n2-5 + 99n2A5
€

€
§)(1+

<(1+2)1+2n

V<14

<1

9
<(1+ % + Jvol(K)

< (1 +¢)vol(K)

Thus vol(K) <V < (1 + ¢)vol(K). O

3 Hypercube Clipped by a Single Constraint

In this section we will prove Theorems 1.2 and 1.3.

We defer the proof of Theorem 1.7 to the appendix as it is a small extension of a theorem in
[GKM10].

In both the case of linear and convex constraints, our algorithm acts as follows: We begin by
performing affine transformations on the given convex body K to achieve K, which is the [0, u]™
cube (for some integer u) intersected by a convex constraint g(z) < b where g is nonnegative,
nondecreasing, and convex. We then approximately counting the number of integer points in this
new body using either COUNT_KNAPSACK or ROUND_ROBP. We prove that this provides an
approximate number, and thus volume, of axis aligned unit cubes whose smallest vertex is an
integer point in K. We then show that this approximation also serves as a good approximation of
vol(K,,) = u"vol(K).

3.1 Truncating Halfspace

Consider a hypercube [0, 1]” and an intersecting hyperplane a'x = b. Let polytope P be a portion
of the cube clipped by this hyperplane, described by {x : a'x<b x€ [0,1]™}.
In order to prove Theorem 1.2 we will rely on the following propositions:

Proposition 3.1. [Canonical Position] The volume of P = [0,1]" N {z : 3°7_, ajz; < b} is equal
to the volume of R =[0,1]" N{x: Y7, |ajlz; < b+ Zje[n]:aj<0 laj|}.



Proposition 3.2. Consider sets S = {x € R®loguv . Y1 Zlogu Y9lasx; ; < ub,xy; € {0,1}} and
Z=2"n0,u)"N{z:a'z <ub} = {zeR":a’z <ubx; €{0,1,...,u—1}} where a,b,u >0
and u is a power of 2. Then |S| = |Z|.

Using the above statements, we can prove the main theorem of this section.

Proof of Theorem 1.2. Our algorithm first performs affine transformations on polytope P to achieve
polytope R = [0,1]" N {z : w'x < ¢} where w; = |a;| > 0 for all j and ¢ = b + Zje[n]:aj<0 wj
Proposition 3.1 tells us that vol(P) = vol(R). Thus we can approximate the volume of polytope R,
which has nonnegative coefficients, instead. From here on we can assume WLOG that P = [0,1]"N
{z :a"z < b} with a;,b > 0 for all j € [n]. Note that regardless of the change in the coefficients,
the bit complexity of the whole set remains unchanged. Given input bit size L, the new capacity
now has bit size at most log(n) + L as it has value at most b+ > ; a; < (n+ 1)(max{max; a;, b}).
Let u be a power of 2 such that

9n2 .5 2.5

max{1, max —} <u<2- max{1, max —
j€ln) € jeln]

aj

Consider P, which is the polytope P scaled up by a factor of u in each dimension, such that it
now lies in [0, u]" with hyperplane a2 < ub. We can find P, by multiplying P with transformation
matrix ul,. The volume of the new polytope is exactly

vol(P,) = det(uly) - vol(P) = u" - vol(P)
Thus it suffices to develop an FPTAS for the volume of P,,.
Consider the integer points in P, := {z € [0,u)" : a'x < ub}:
1Z| = |Z"n[0,u)" N{z:a"z <ub}|=|Z"NP.|
Take f;(x) = a;x; which is clearly nonnegative, nondecreasing, and convex. Note that 2721 filxj/u) <
b < 37 ajz; < uband fj_l(xj) =b/a;. Also,

2.5 2 5

u > max{1, max } =

1.

max{1, max %
j€ln] f j (b)
Thus we can apply Lemma 2.3 which tells us that given an §-approximation V' for |Z|, then V'
serves as an e-approximation for vol(P)) = vol(cl(P))) = vol(P,).

So, it remains to find an FPTAS that counts the number of integer points in P/. This is
exactly the number of integer knapsack solutions under the knapsack constraint o'z < ub with
xe€{0,1,...,u—1}.

Since u is a power of 2, Claim 3.2 gives us a 0-1 knapsack set

n logu—1

S = {z ¢ Rtlosv . Z Z 20 a;w; ; < ub,wi; € {0,1}}

i=1 ;=0



such that |S| = |Z|.

Note that counting knapsack solutions is a well known #P hard problem, so an approximate
counting is the best we can do in polynomial time (unless P = #P). We can rely on a Dynamic
Programming FPTAS developed by | | for approximately counting 0 — 1 knapsack solutions
in S.

Theorem 1.6 tells us that this FPTAS runs in O(mT3 log(%)), however now our input size m =
nlogu and our error parameter § = §. Let L be the maximum size of any of our input parameter
a;,b. It follows that log(u) = O(log # +2L) = O(log Z + L), and so our FPTAS has runtime
o) (%S(logg + L)?’(log(g) + log L)) =0 (%(logg + L)4).

This algorithm gives us V such that

2] =S| <V < (1+ ISl = 1+ )IZ]

and so

vol(P,) <V < (1+¢)vol(Py)
and v

vol(P) < o < (14 ¢)vol(P)

Thus we have an € approximation of the volume of our original polytope.
We explicitly state the algorithm below:

FPTAS for a Single Truncating Halfspace
Input: a € R", bR, >0

lajl

’VlogQ(ﬁ max{1,max;¢p] c] })—‘

—

. Set c+ b+ Zje[n]:aj<0 laj|, u <2

2. S+ {z e Rrlosu Y0 | S8BT 9 ay|a; j < ue, mi; € {0,1}}
3. Call COUNT_KNAPSACK(¢e) on set S, obtain V' such that |S| <V < (1 + ¢)[5].

4. Return uln

Now we prove the lemma and propositions stated at the beginning of the section

Proof of Proposition 3.1. Recall that P = [0,1]"N{z :a'x < b} and R = [0,1]" N {x : |a] T2 <
b+ Zje[n]:aj<0 ’a’j’}'

Let J = {j € [n] : a; < 0}. Let A be the diagonal matrix with A;; = —1 Vj € J and
A;; =1Vj & J. Note that det(A) € {1,—1}. Let s be the indicator vector of the subset J,

10



ie., s; = 1Vj e J, sj =0 otherwise. Let polytope Q = {Az + s : € P} and notice that
vol(Q) = | det(A)|vol(P) = vol(P).

It remains to show that Q = R,orx € P <— Ax+s€ @ < Axr+s € R. We prove = €
[0,1]" <= Az+sc[0,1"andx € {x:a'2<b} = Av+sc{zr:|a|’z < b+2je[n]:aj<o laj|}
and so the claim follows. Note that

—zj+1 jelJ
(Az +5); = { e
g JEJ
and so (Az +s); € [0,1] for z € [0, 1].
Next, we see that

n
b2 ajry = ajri+ Y ajz; =Y —lajla;+ Y |ajlr; <=
j=1

jeJ igJ jed igJ
n
b+ lajl 2> —lajlay + D lagles + Y lagl =D lajl(—wj + D)+ lajlz; = lajl(Az + 5);
jeJ jeJ igJ jeJ jed igJ j=1
So
re{r:a'v<b} — Ar+sc{z:|a'z<b+ Z laj|}
j€[nl:a;<0
and we can conclude that R = @ and vol(R) = vol(Q) = vol(P). O

Proof of Proposition 3.2. In this claim we index x € S in a way that makes it more intuitive. In
reality, z;; refers to T(;_1)(logu)+j4+1 Which gives nlogu many variables for i € {1,2,...n} and
j€{0,1,...,logu — 1}

We can construct a one-to-one correspondence between each solution in Z and S as follows:
Consider 2* € Z. Let Z € {0,1}"1°8% such that {Z4,0, i1, -, Tilogu—1} is the unique binary
representation of z¥: S84 120, i = ¥ Tt follows that

Jj=0

n logu—1 n logu—1 n

E E 2jaii¢7j = E a; E QJfZ"j = E aix;‘ <ub
i=1 j=0 =1 j=0 =1

and so z € S.
Now consider € S. Let z* such that 2} = E;():gé‘_l 29%; ;. Note that since 0 < 7; ; < 1, it

follows that
logu—1 logu—1

0< Y g < > P=ler il 1=y
§=0 j=0

Thus z* € {0,...,u — 1}". It also follows that

n logu—1 n logu—1

n
E aix;‘ = E a; E 2].@’3' = E E 2](11'.%1'7]' < ub
=1 =1 7=0 =1 75=0

11



and so z* € Z. Thus |Z| = |S|. O

3.2 Truncating Convex Constraint Version 1

Consider a hypercube [0,1]" and an intersecting constraint f(z) < b, where f(z) = > 1, fj(;),
and each f; : R>g = R>( is a nondecreasing convex function on [0, 1]. Let @) be the intersection of
the unit cube with this constraint: @ = {x : f(z) <b, x € [0,1]"}.

Proof of Theorem 1.3. Let

9n2> 1
max{1, max ——
Jen fj (b)

u =

Yoogileg) = filai/u),  gx) = gi(x).
j=1

Our algorithm first transforms convex body @ = {z : f(x) < b, z € [0,1]"} to Q, = [0,u]" N {x :
g(x) < b}. We can do this through multiplying @ with transformation matrix wl,, so vol(Q,) =

u™vol(Q).
Consider the integer points in @), := {x € [0,u)" : g(z) < b}:

Z=2"n[0,u)"N{z:g(x) <b}=2"NQ,

Lemma 2.3 tells us that given an §-approximation V' for |Z|, then V serves as an e-approximation

for vol(Q!,) = vol(cl(Q.,)) = vol(Qu).

Note that the number of integer points in @, is exactly the number of integer solutions under
the read-once constraint g(x) < b with =z € {0,1,...,u — 1}. We can now apply Theorem 1.7 to

give us a 5 approximation of the integer points. This FPTAS has runtime O(n”(logu)?(logb)/é)

where 0 = § and logb < L. Recall that

9n*? 1 9n*? 1 9n*?
max{1, max

= jen f]fl(b)}: e min{1,minj€nf;1(b)}: el

Note that ¢ = min{1, minje, fj_1

(b)} is the smallest axis-intercept of @), and since @ is convex, the
simplex Sy = {x : >_7_; x; < ¢} is contained in Q. Thus vol(Q) > vol(S;) = %, and so the bit
size of £ is log¢ < L (log(n!) + Lo)m = O(logn + L,). So, log(u) = O(log 2 + L,). Thus we have
runtime O(n®(L, + log(%))?L/e) where L is the size of the maximum output bit and L, is the size
of the maximum input bit.

We explicitly state the algorithm below:

12



FPTAS for Single Truncating Convex Constraint
Input: fj :R— RZO for j € [n], be RZO’ e>0

9n2.5

1. Compute u < ==

max{1, max; ey,

1
£ ®) }

\V)

S {zezr: 30, fi(3) < bz e0,u—1]"}
3. Call ROUND_ROBP(¢) on set S, obtain V such that |S| <V < (1+¢)[S|.

Vv
4. Return o

4 Hypercube Clipped by a Multiple Constraints

In this section we prove Theorems 1.4 and 1.5. As before, both algorithms first dilate our convex
body by some factor u. We then approximately counting the number of integer points in this new
convex body using an FPTAS developed in | |. This algorithm constructs small width Read-
Once Branching Programs (ROBPs) to approximately count the number of points in such a set.
We prove that this provides an approximate number, and thus volume, of unit cubes whose smallest
coordinate is an integer point x in the dilated body. We then show that an § approximation of the
volume of these cubes is an ¢ factor approximation of the volume of our body.
Explicitly, the algorithm will do the following:

FPTAS for Multiple Truncating Convex Constraints
Input: fij :R— Rxo fori€[k], j €[n], beREy, >0

9n2.5
g

max{1, max;e [y max ey ﬁ }

1. Compute u <
2. SZ — {.17 cZ" ;. Z?:l f”(%) < bi,a: € [O,U = 1]”}, S ﬂlesi
3. Call ROUND_ROBPS(¢) on set S, obtain V' such that |S| <V < (1+¢)|S|.

.
4. Return -

We defer the proofs of 1.8 and 1.9 the above to the appendix, as they are small extensions to
proofs from | | and | | respectively.

13



4.1 Multiple Nonnegative Linear Constraints

Consider a hypercube [0, 1] and a collection of k intersecting hyperplanes each described by aiT:c =
b; where a;;,b; > 0 Vi € [k],j € [n]. Let polytope P be the intersection of the cube [0, 1]" truncated
by these planes, i.e., P = {x :az < b; Vi € [k], z € [0,1]"}.

Proof of Theorem 1.4. Our algorithm first transforms convex body P = {z : Az < b, z € [0,1]"} to
P, = {z: Az < ub,z € [0,u]"} through dilating by a factor of u = 22
It follows that vol(P,) = u"vol(P).

Consider the integer points in P, := {z € [0,u)" : Az < ub}:

JE€M] %}-

Z=Z"Nn0,uw)"N{z: Az <ub} =Z"NP,

Take f;j(x) = a;jx; which is clearly nonnegative, nondecreasing, and convex. Note that

Zfly ) < b; (z)ZaUmj<ub andf ( ):E

Jj=1 4
From the definition of u, it follows that

25 25
max{1, max max —} =

u >
B i€[k] je[n] b

max{1l, max max ———}

iclk] jem] f1 (b))

)

We can apply Lemma 2.3 which tells us that given an §-approximation V for |Z|, then V serves as
an e-approximation for vol(P),) = vol(cl(P))) = vol(P,).

So, it remains to find an FPTAS that counts the number of integer points in P;,. This is exactly
the number of integer solutions under the integer knapsack constraints a,z < b;, i € [k] with
xze€{0,1,...,u—1}.

Theorem 1.9 gives us such an FPTAS with runtime O(n°**) (logu/e)°® logh). Recall u =
9”; i jeln] 1 So, log(u) = O(log 2 + L) and note that logh = O(L). Thus we
have runtime n©®* )(logg + L)O®) /O(k) wwhere L is the size of the maximum input bit. O

4.2 Multiple Convex Constraints

Let fi(x) = >_7_; fij(x;) where fij : R>9 — R>o are nondecreasing convex functions on [0, 1]. Let
Q= {w S [0, 1]” : fz(l') <b Vie [k]}
Proof of Theorem 1.5. Let

9n? max{1, max ma 71 } (zj) = f (3:]) (z) zn: ()
X X max s ii\Lj) = Jig\— ), i - 1g\tg)-
s ]E[n]f () Gij\Xj i\ g : Gij\Tj

u =

14



Our algorithm first transforms convex body @ = {x : f;(x) < b; Vi € [k], z € [0,1]"} to Qy = {z :
gi(x) < b; Vi € [k], z € [0,u]"} through dilating by a factor of u. We do this by multiplying with
transformation matrix wl,, so it follows that vol(Q,,) = u"vol(Q).

Consider the integer points in @), := {x € [0,u)" : gi(x) < b; Vi € [k]}:

Z=7"n0,u)"N{z:g;(x)<b; Vielk]}=2"nQ,

Lemma 2.3 tells us that given an g-approximation V for |Z|, then V serves as an e-approximation

for vol(Q,) = vol(cl(Q),)) = vol(Qy).
It remains to find an FPTAS that counts the number of integer points in @/,. This is exactly the

number of integer solutions under the integer read-once constraints f;(x) < b; withx € {0,1,...,u—
1}, i € [k].
We use the adapted FPTAS developed by [ ]. Theorem 1.9 gives us such an FPTAS

with runtime O(n€**) (log u/e)°*) log W) where W = max;e(y) bi- Thus logW < L+logk = O(L).
Recall that

9n2‘5 1 9n2~5 1
max{1l, maxmax ——} = - - - — .
5 ic[k] jen] f(b) ¢ min{l, min;c() minjen f;; (b)}

u =

Note that ¢ = min{1, min;c ;) minjep f;l(b)} is the smallest axis-intercept of @, and since Q is
convex, the simplex Sy = {z : Z?:l xj < £} is contained in Q. Thus vol(Q) > vol(Sy) = %, and so
the bit size of £ is log ¢ < 2 (log(n!) + L,)m = O(logn + L,). So, log(u) = O(log 2 + L,). Thus we
have runtime nO(kQ)(logg + L+ L,)9®) /cOk) where L is the size of the maximum input bit and
L, is the size of the maximum output bit. ]

5 Hardness of Approximately Counting solutions to Two Linear
Inequalities

Proof of Theorem 1.10. We prove that this problem is hard by reducing to a variant of the Subset-
Sum Problem. Consider a set S = {s1,..., Sy}, where each s; € Z, and target T = 0. The problem
of deciding if there is a subset I C [n] such that ), ; s; = 0 is NP-hard.

This problem has a solution if and only if there exists an « € {0,1}" such that > | s;z; = 0.
Here x; can be though of as the indicator variable for wether or not i € I.

Note that the sum ) | s;x; always has integral value for x € {0,1}". So, if > ' | s;z; # 0,
it must be true that >, s;z; > 1 or » ;" s;z; < —1. Similarly, any solution satisfying —1 <
>y siz; < 1 must have sum exactly equal to 0.

Let a; € R™ to be the vector such that a;; = 2s; and let b = 1. Consider set S = {z €
{0,1}" : —=b < a"z < b} There exists solution = € S if and only if there is 2 € {0,1}" such that
—1 <3 aw; <1, or equivalently —1 < —3 < 3™ | s;; < 2 < 1. Thus, determining if there is
a point in S is as hard as solving the subset sum variant. O
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A Appendix

A.1 Preliminaries

First, we note some definitions regarding Read-Once Branching Programs (ROBPs) as introduced
by | J:

Definition A.1 (ROBPs). For v = (uy,...,u,) € Z', S,T € Zy, an (S,u,T) ROBP M s a
layered multi-graph with a layer for each 0 <1 < T, and at most S states in each layer. The first
layer has a single (start) vertex s, and each vertex in the last layer is labeled accepting or rejecting.
Each vertex v in layer | — 1 has exactly u; + 1 edges labeled {0,1,...,u;} to layer .

We also introduce the following notation
1. L(M,!) denotes the vertices in layer [ of M

2. For a string {0,1,..., w41} x --- x {0,1,...,u;} and a vertex v € L(M,1), M(v, z) denotes
the state in layer j reached by starting from v and following edges labeled z.

3. For z € {0,1,...,u1} x --- x {0,1,...,u,}, let M(z) = 1 if M(s,z) is an accept state, 0
otherwise.

4. For v € L(M,1), Am(v) ={z€{0,1,...,up1} x---x{0,1,...,un} : M(v,z2) is accepting in
M}

5. For v € L(M,l), Pm(v) = % is the fraction of suffixes z € {z € {0,1,..., w41} X
-+ x{0,1,...,u,} that lead to an accepting state. This is equivalently the probability that
a suffix sampled uniformly at random leads to an accepting state.

6. Input S is referred to as the width of M. The width of layer [ of M is exactly |L(M,1)|, the
number of states in the layer.

We use this notation to define an important class of ROBPs which we will discuss.

Definition A.2 (Interval ROBPs). An (S,u,T)-interval ROBP M is an ROBP such that there
exists a total order < on the vertices of layer L(M,l) such that for w,v € L(M,l) with w < v
then Apr(w) C Ap(v). In addition, vertices v in layer | — 1 have out edges labeled {0,1, ... ,u;}
that respect the ordering <: if M (v, k) denotes the kth neighbor of v for k < u;, then M (v,u;) <
Mv,up—1) 2 +-- < M(v,0).

An interval ROBP defines a function M : [0,u1] X [0,ug] X - -+ X [0, u,] — {0, 1} where on input
x, we begin at the start vertex and output the label of the final vertex reached when traversing edges
of M according to labels in x.
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Note that given an (S, u,T')-interval ROBP M, and a vertex v € L(M,l — 1), the edges out of
v can be described succinctly by a subset of at most S edges irrespective of how large u is. Let
E(w,w) =4{0 <k <w : M(v,k) = w} which is the set of edges from v to w. Then E(v,w) is an
interval, meaning E(v, w) = {y ..., Tpw} for some £y, 4, 740 € Z4.

Thus, to describe E(v,w) we only need to know £, ,, and r,,. This allows us to succinctly
describe an interval ROBP M by storing just the end points of the edge sets E(v,w) for v,w € M.
This bounds the number of edge sets by the number of vertices in the subsequent layer, which is
at most width S.

A.2 Read Once Branching Program for a single read-once convex constraint

Proof of Theorem 1.7. In [ ], Theorem 1.3 (integer knapsack) states that given a knapsack
instance KNAP(a,b,u) with weight W = > a;u; + b, U = max;u; and € > 0, there is a deter-
ministic O (n®(log U)?(log W)/6?) algorithm that computes an d-relative error approximation for
|[KNAP(a,b,u)|. Here KNAP(a,b,u) is the set {x € Z: 377 ajz; < b,0 <x; <wu; Vj € [n]}
We substitute KNAP(a, b,u) with S(f,b,u) ={z € Z: 377, fi(z;) <b,0<z; <u—1 Vje€ [n]}
where each f; is nonnegative, convex, and nondecreasing. These functions obey all the properties
used in the proof of the theorem in [ |. We provide a detailed replica of the proof with the
appropriate substitutions made.

We will construct an approximate branching program for our set S(f,b,u). We will do so by
selecting a subset of vertices in the ROBP to remain, and altering the edge sets accordingly. Note
that throughout the proof we will assume without loss of generality that f;(0) = 0 for all j € [n],
which follows from proposition 2.1.

Let M denote the exact branching program for 22:1 fj(x;) < b, which consists of n + 1 layers

numbered 0 to n. Layer 0 has single start state s, and for [ < n, layer L(M,1) has a state for each

th
I+1

of vis M(v,x141) = v + fis1(zi41). A vertex v € L(M,n) is accepting if partial sum v < b, and

partial sum 22:1 fj(x;). Given a vertex v in layer [, and z;4; € {0,1,...,u—1}, the ;7| neighbor
rejecting otherwise.

Note that this program is clearly read once. It is also interval with total ordering < defined as >.
We can see this because for any v,w € L(M,[) with v > w and any suffix z; € {0,1,...,u — 1yt
we have v+ 370, fi(z5) > w+ 300 fi(z). Thus if z; € Ay(v), or v+ 37751 fiz) <D,
then clearly w + > fj(z;) < bsow € Ay(v), and so Ay(v) € Ay(w). Also, for any vertex
v € L(M,!1) and pair of suffixes 0 < ¢ < r < wu— 1, we have M (v,0) = v+ fi1(£) < v+ fiyi(r) =
M (v,r) since each fi;1 is nondecreasing. Thus, M (v,¢) = M(v,r).

By our construction of states, that the width of layer L(M,!) is bounded by the total number
of partial sums between our minimum and maximum possibilities: {0,1,..., Zé‘:1 fj(u—1)}. Thus
the maximum width is W := Z;‘:l fj(u—1). This is potentially exponential, so we will construct
a new ROBP with smaller width. A small width program will allow us to evaluate the number of
accepting solutions in polynomial time.
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Our algorithm will construct a series of interval ROBPs M, = M, Mn—1, .. ,Mg. Our final
ROBP M := M, will have polynomially bounded width. We obtain M; from Mi—i—l by rounding
the states in L(M;y1,7+ 1). More precisely, we set L(M;, i+ 1) = {b1,...,bpy1} € L(Miy1,i+ 1)
where the b;’s are defined as follows: let by = 0, which is the minimum value state in layer i + 1,

and equivalently the one with the most accepting suffixes. Given b;, let
bjy1 =min{v:v >bj and 0 < PMH»l(U) < PM¢+1(bj)/(1 +n)}. (A.1)

For 7 to be set later. Now consider by, the last vertex assigned. Let by = min{v : PM_+1 (v) = 0}.
Note that by > by = --- = by > byy1 as the probabilities decrease. Let I} = {b1,...,bo — 1}, Is =

{bg, e, by — 1}, ceey Ipyy = {bg+1, .. .}, where ¢ < n(logu)/n as PM(bl) <1 and PM(bg) >u "™
We refer to by, ..., bp+1 as breakpoints since they break our original vertices into intervals. Next we
redirect the transitions going from level i to level i+ 1. If we have an edge labeled z € {0,...,u—1}

entering a vertex v € I;, then we redirect the edge to vertex v;. The redirection will be done
implicitly: for any vertex v in level ¢ and a vertex bj, we only compute and store the end points of
the interval E(v,b;) = {0 <k <u—1: M;(v,k) = b;}.

Our branching programs have the following approximating properties:

Claim A.1 (Corresponding to the first half of Lemma A.2. of | 1). Forv e L(M1) and
0<t<r<u-1, Mi(v,l) < Mi(v,r).

Proof. Note that this claim is only interesting if [ > i, otherwise all vertices v, Mi(v,f), Mi(v,r)
have the same structure in the original interval ROBP M and thus the claim holds by the interval
property. Thus we can assume that layer [ + 1 is rounded and consists of breakpoints. Take
Mi(v,ﬁ) = b, and Mi(v,r) = by.

Assume towards contradiction that b, > b,,.

When creating edge labeled ¢ from vertex v, we found the value of vy = v + fi41(£), and
similarly for edge labeled r, we found the value of v, = v + fi41(r). We then found intervals
I, = {by,...,bgy1 — 1} and I, = {by,...,by41 — 1} such that b, < vy < by11 and b, < v, < by41.
Since ¢ < r and f;11 is nondecreasing, we know that vy = v + fi11(¢) < v+ fi4+1(r) = v,.. Thus we
see that by41 > v, > v; > by > by, which implies that there is a breakpoint (b;) between (and not
equal to) consecutive breakpoints by 1, b, which is a contradiction, and so the claim holds. O

Claim A.2 (Corresponding to the second half of Lemma A.2. of | ). Let v,v' € L(M;,1),
v <. For suffix z, M;(v,z) < M;(v, 2).

Proof. Note that we need only prove this claim for suffixes of length one, as the property for any
longer suffix will follow inductively.

Also note as in the previous theorem, this claim is only interesting if [ > i, otherwise vertices
v,v’,Mi(v,z),Mi(v’,z) have the same structure in the original interval ROBP M. Thus we can
assume that layer [ + 1 is rounded and consists of breakpoints.
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Consider two vertices v,v’ in layer [ of our partially rounded ROBP such that v < v’. We aim
to show that suffixes maintain the ordering. Take M;(v, z) = b, and M;(v', z) = b,,.

Assume towards contradiction hat b, > b,. Take v, = v + fi41(2), v, = v/ + fi11(2) and note
that since v < v, we have v, < v}. Thus, we see that by > v}, > v, > b, > b,, which implies that
there is a breakpoint (b,) between (and not equal to) consecutive breakpoints by41, b, which is a
contradiction, and so the claim holds. ]

By inductively applying the previous two claims to each layer, we see that each M; remains
an interval ROBP respecting the same ordering as M. We now analyze how the probability of
acceptance (and thus the total number of solutions) in our new ROBP M compares to that of the
original ROBP M.

Claim A.3 (Corresponding to the first half Lemma A.3. of [ ). For v € M;, we have
AMi+1 (U) Q AMZ(U)

Proof. Note that for any vertex v € L(M;, 1) where | > i, both ROBPs make identical transitions
starting from v, and so Ay (v) = Ay (v).

Let [ =i. Let b, = M;(v, z) be the child of v along edge z € {0,1,...,u — 1}. Note that since
M; is obtained from Mi—H by rounding layer ¢ + 1, these children are breakpoints, and the “true”
children of v are v, = M;y1(v, z) in layer i + 1 of Mi—H such that v, > b,.

Since each M; remains an interval ROBP and the structure below b, is the same in M; and Mi+]_,
we have Ay, (vz) C A, (b:) = Ay (bz). Thus, taking the union over each suffix » placed ahead
of each string in Ay (v:) and Ay (b.), we maintain this containment, and Ay, (v) S Ay (v).

Now for any [ < i, the claim follows because M; and M;,; make identical transitions up to layer
1. Thus we can take the union over suffixes used up to layer ¢ and achieve the same property. [

Claim A.4 (Corresponding to the second half of Lemma A.3. of | ). For any v e L(M;,1)
where | < i, we have Pp(v) < Py (v) < Py(v)(1+1) ni,

Proof. Note that since AMZ_+1(U) C Ay (v), it is clear that PMZ_H(U) < Py (v) for all v, and thus
Pry(v) =Py (v) < Py (v) < -+ < Py (v).

We will show that for every i < n and v € M*, Pyi(v) < Pyriva(v)(1 + 1), and so Py (v) <
Py (v)(1+m7)""" as needed.

Let v € L(M;,1). The above is trivial when [ > i+ 1, since Ay (v) = AMH—I(U) for such v.
Indeed, it suffices to consider the case when [ = 4, since for [ < 1, M; and M are identical up to layer
i. Hence we can express both Py, (v) and Py, (v) as the same convex combination of acceptance
probabilities of vertices in layer .

Let | = i. Fix a vertex v € L(M;,4). For any z € {0,1,...,u — 1}, let v, = M;;1(v, z) be the
“true” children of v and let b,, = M;(v,z) for z € {0,1,...,u — 1} be the breakpoint children.
Recall that M; is obtained from Mi+1 by rounding layer i, and v, € I, = {bs,,...,bs.+1 — 1}.
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If z, < ¢, then breakpoint b;_41 is be the smallest partial sum such that 0 < PML-H(bwzH) <
Py, (bz.)/(1+mn). Note that b, 41 — 1 wasn’t chosen as the breakpoint, but the interval property
tells us that 0 < Py | (bz,+1—1). Thus, it must be true that Py (by.41—1) > Py, (bz,)/(14n),
and o Py (b) < (14 )Py (bess — 1) < (14 0)Py (02,

If x, = ¢, then all v > b, satisfy either PM¢+1(U) =0 or PMi+1(bg)/(1 +1n) < PMi+1(U) or
else v could form a new breakpoint. If PMiJrl(U) = 0, then v > by41, so it must be true that

Py (be) = Pyy_ (bew) < (L+m)Py,_ (v).

Finally if z; = £+ 1 then Py, (bs,) = Py, (b)) =0=(1+ 77)PJ\?I1-+1 (v) So,
u—1 u—1
Py () =1 (Z PMZ.@Z)) <Aty Py, (02) = (14 0)Py (o)
2=0 2z=0
O
We next show that M can be constructed efficiently.
Claim A.5 (Corresponding to Lemma A.4 of | ). Each vertex v; € L(M;,i+ 1) can be

computed in time O(n(logu)(logb)/n).

Proof. The proof is by induction: we maintain the invariant that for every i, we know the vertices
b, of L(M;,i+ 1) and their acceptance probabilities P ().
Suppose we have the above setup for [ > 4 and have computed b1,...,b; € L(Z\Z[i,i +1). In
order to find the next breakpoint, we must have access to the probabilities of vertices in this layer.
We show that for a given v € L(Mjiq,i+1), PMHI(U) can be computed in time O(n(logu)/n).

~

Let L(Mi+1,i —I—Q) = {bl <b <---< bg.,.l} then, E(’U,bj) = {0 <k<u-1: bj <wv+ fi+2(k) <
bj+1} where byio = vy and so

Py, )= > MPMM@U).

- u
weL(Mi+1,i+2)

Thus, we can compute Py | (v) in time O(n(logw)/n) as |L(M;+1,i4+2)| < n(logu)/n+1. Thus,
to find bj11, we can now do binary search on values PMi+1(v)' We require 0 < PM¢+1(1})’ so we
need only search through vertices in the range [0, b] since b+ 1 can never lead to an accepting suffix
due to nonnegativity of each f;. This requires O(logb) computations of PMi+1(v). Finally notice
that PMiﬂ(b +1) =0 and Py (b) > 0 because the suffix string of Os accepts: b+3_7_; . f;(0) =
b+ 0 < b Thus we can set by; = b+ 1. Once we have computed L(M;,i + 1) we store these
vertices and their probabilities of acceptance. ]

Thus we can construct M from M in time O(n?(log u)?(logb)/n?). We can now finish the proof
of our counting result:
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We set 7 = §/2n and use the above arguments to construct the branching program M and
compute the value of P, (s) where s is the start state. We now apply Lemma A.3 to conclude that

Prr(s) < Py(s) < Par(s)(1+n)" < (1+0)Pur(s)

where the last inequality holds for small enough . Finally, note that the number of knapsack
solutions is precisely u"Pys(s). Hence we output u”Pyo(s).
O

A.3 Dyer’s Rounding for multiple sets

Proof of theorem 1.8. Let Up, = {0,...,u1} x --- X {0,...,u,}. Consider set S = N;ex)S; where
Si ={x € Un: X775 fij(xj) < bi} where each fi; : R — Rxq is convex and nondecreasing. We will
assume without loss of generality that f;(0) = 0 for all j € [n], which follows from proposition 2.1.
We expand on the results in [ ] to find an approximate counting of |S|. We create new
sets S, = {z € U, : Z?:l hij(z;) < ¢;} where each ¢; is polynomially bounded, and the size of
S’ = NiekS; is bounded between the size of S, and some multiple of the size of S.
Specifically, we construct rounded set

k n
S = ﬂ S!, where S, = {z € U, : Zhij(q:j) < 2n%}
i=1 j=1
such that the rounded functions are
2n? fii(z;)
haj(w5) = [ ===
Observe that for any = € S;, we have that

| for 0 <z <wuy,j€[n],iclk]

- "L 202 f(x5) Lo fii(x) 20 & 2n?
3 )= S ) ) B )
j=1 j=1 ! j=1 ! toj=1 ¢
And so z € S., and thus S; C 5.
Now let C; = {z : fij(x;) < % Vj € [n]}. Note that for all z € Cj, it follows that >, fij(z;) <
> =1 % = n% =b;, and thus C; C S; C 5!
For z € §'\ S, let I(z) = {i : x € S{\S;}. For each i € I(z), there must exist some p? € [n] such
202 f; x (T, )
Tt )| 5 |2l | 202) =9,

% i

that flp»;c (xp»;v) > %, else z € C; C S;. Note hz‘pf (ajpzﬂ) =|

if v €5
Construct g(z) : §' — U, as follows: g(z) = { Ty
y  where y; = x; for j # p}, and ypr = | |

By convex and nondecreasing properties of each f it follows that fi;(|%]) < fi;(3) < 3fij(2;).

Thus, for all x € S, y = g(x), we have

. b~ 2n%fi;(y;)
7=1 7=1
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_ bi < (2” fw(xj)) Q”inp;r(L SZ D)
-~ 2n? b; bi
"N e
i 1 2n2 ip® (Lpz
< b (hij(x;) +1) + = - M By convexity of f;;
2n2 \ - 2 b;
J#pT
b; 1
<53 (hij(x5)) +n— 14 S (hipr (vpr) + 1)
2n : 2
J#DY
b; 1
< 52 (hij(z)) +n — 1+ hipz (zpr) —n + B By bound on hps (zpr)

Thus, g(S!) = S; for every i, and for each y € S;, |[¢g71(y) N S!| < 2n + 1 since y € f~*(y) and for
any 1 < p} <mn, there are at most two possible values of xps (2yp§: and 2ypr + 1).
$piz

We may have set y,r = | 5] for multiple 7 if each of these constraints are violated by z. In
this case, the inverse mapping changes some set of coordinates P with 0 < |P| < k, and so

’f_l(y)’ < 1+2n+2(g> +...+2<Z> San

and therefore we have |S’| < 2n¥|S|. Also note that since each S; C S, it follows that S C S’, and
S < |8"| < 2n*|5]|

O]

A.4 Read Once Branching Program for multiple read-once convex constraint

In this section we prove theorem 1.9, which is an extension of work in [ ], which gives us a
proof of statement when u; = 1 for all j € [n].

Let U, ={0,...,u1} x---x{0,...,u,}. We will develop a deterministic approximate counting
algorithm for set S = N*_,S;, S; = {z € U, : > j=1fij(xj) < b;}. Note that throughout the
proof we will assume without loss of generality that f;(0) = 0 for all j € [n], which follows from
proposition 2.1.

Recall the definitions of Interval-ROBPs from section A.2. We introduce a few more concepts:

Definition A.3 (small-space sources, Kamp et al.). A width w small-space source is described by
a (w,n)-branching program D with an additional probability distribution p, on the outgoing edges
associated with vertices v € D. Samples from the source are generated by taking a random walk on
D according to p,’s and outputting the labels of the edges traversed.
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We will often abuse notation and denote the distribution generated by a small-space source
and the source itself by D. Also, we will assume that the distribution D is given to us explicitly
as a small-space source. Several natural distributions such as all symmetric distributions and
product distributions can be generated by a small-space source. The following claim is directly
from | |:

Claim A.6 (Equivalent to Claim 2.4 in | ). Given a (W,n)-ROBP M, the uniform distri-
bution over M’s accepting inputs, {x : M (x) = 1} is a width W small-space source.

Let D denote a small space generator of width at most S. For A C U,, we use D(A) to denote
the measure of A under D. Let W', ... W™ be sets of vertices in D with W! being the I*" layer of
D. For a vertex w € W', let D¥ be the distribution over {0, ..., 111} x---x{0,...,u,} induced by
taking a random walk in D starting from w. Given a vertex v € L(M,1) and w € W', let Py, (v)
denote the probability of accepting if we start from v and make transitions in M according to a
suffix sampled from distribution DY.

Recall that section A.2 tells us that the ROBP M? exactly computing the indicator function
for each S; is an interval ROBP. Recall that each layer [ of M* has at most 2521 fij(u;) states.
We represent state v by partial sum Zé.:l fij(z;) where x is the string of edge labels used to reach
v from start state vg. We will use the following theorems to build an approximate ROBP M for
each S; individually.

Theorem A.7. Given a (W, n)-interval ROBP M* for set S;(fi,bi,u), § > 0, and a small-space
distribution D over {0,...,u1} x --- x {0,...,u,} of width at most s = n°%),
(O(nslogU/8),n)-interval ROBP M such that for all z, M'(z) < M(z) and

there exists an

Pr [Mi(z) =1] < Pr [M'(2) =1] < (140) Pr [Mi(z) =1]
D D D

Moreover, given an implicit description of M* and an explicit description of D, M can be con-

structed in deterministic time O(n°®) (log U')?logb/§?)

Proof. We will construct a new small width ROBP M by iteratively “rounding” each layer of M,
starting from the last one (layer n). As we did in section A.2, we start from the exact branching
program M* and construct a sequence of programs Mfl =M ..., M(’) = M, where M J’ is obtained
from M;H by rounding the (j + 1)st layer.
We do the rounding in such a way that the acceptance probabilities are well approximated under
each of the possible distributions on suffixes D”. The program M will have polynomial width.
We construct each new ROBP M Ki—l as follows:
Consider the partial sums {v; = Z§:1 fij(uj) < vy < -+ <oy = Z§:1 fij(0) = 0} = L(Mf,l),
which is the set of vertices we wish to round in this iteration. Fix a vertex w € W! . We wish
to select a subset of these vertices to remain in Mlﬂl. We will do so by contracting vertices with
“similar” acceptance probabilities. We create groups of “similar” vertices by finding breakpoints
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1
1492
be contracted to the neighboring breakpoint with higher acceptance probability. However, unlike

where acceptance probabilities change by a factor of and vertices between breakpoints will
before, we will calculate probability by sampling over accepting suffixes for each w € W,

Formally, we define a set B!(w) = {vw@ys - - V(N } © LM}, 1) of breakpoints for w as follows.
We start with v,,1) = vy = 0, the vertex with highest acceptance probability (and lowest partial
sum), and given Vw(j), define vy(j41) by

Vy(j41) = Maxv 8.t v < vy and 0 < Py (v) < Py (V) /(1 +90)

—1> 1—1W

which is the smallest partial sum whose acceptance probability decreases by a factor of at least

— from the previous breakpoint. Now consider bn,,, the last breakpoint assigned. Let by, 41 =

149

min{v : Py, »(v) = 0}. Note that by > by > --- > by, > by, +1 as the probabilities decrease.
We set L(Mlifl, l) = B' := Uyepe BY(w) = {b1,...,by} which is the union of breakpoints for all w.
Now we have intervals Iy = {by,...,bn—1 — 1},..., 11 = {b1,...,v1}.

The vertices in all other layers stay the same as in M, li, as do all the edges except those from layer
I—1 to l. We round these edges upward as follows: for v € L(Mli, [—1) and suffix z € {0,1,...,u},
we assign child v, = v + f;;)(2) through edge labeled z to breakpoint by, € L(M;}_,,1) such that
bm—1 < vz =< by,. Again we will represent edges E(v,v") between vertices v, v’ only by the extremes
Loy Ty such that the only z € {0,1,...,u;1} that satisfy Mli(v, z) =0 are lyy < 2 < Ty

We will not explicitly build these ROBPs, we will just use them to assist in our proofs, which use

induction over the ROBPs M, 12_1, e ,Mé, and thus prove the claim for Mé = M as needed.
We prove that each M ; remains an interval ROBP through the following claims: O

Claim A.8. Forv € L(Mj,f) and 0 < 0 <7 < g, M;(v,f) >~ ]\Zf}(v,r).

Proof. Note that this claim is only interesting if ¢ > 4, otherwise all vertices v, M ;(v, 0), M ;(v,r)
exist in original interval ROBP M" and thus the claim holds. Thus we can assume that layer ¢+ 1
is rounded and consists of breakpoints. Take b,, = M ;f(v, ¢) and b,, = M ; (v,7)

Note that for any “true” child v, = MJ’ 4+1(v, 2), we replace the child through edge z with
breakpoint b,, such that b,, = v > b,,. This is exactly the the maximum partial sum breakpoint
with lower partial sum than v,. Thus, we can follow identical logic to claim A.1 to prove the
claim. O

Claim A.9. Letv,v' € L(M]Z:,l), v = v'. For suffic z, M]’f(v,z) - M}(v’,z).

Proof. Note that we need only prove this claim for suffixes of length one, as the property for any
longer suffix will follow inductively.

Also note as in the previous theorem, this claim is only interesting if [ > j, otherwise vertices
v, v, M;(v, z), M;(v’, 2) exist in original interval ROBP M*. Thus we can assume that layer [ + 1
is rounded and consists of breakpoints.
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Again since edges are re-assigned to breakpoints in the same fashion as section A.2, we can
follow identical logic to claim A.2 to prove the claim. O

We now analyze how the probability of acceptance (and thus the total number of solutions) in
our new ROBP M’ compares to that of the original ROBP M?.

Theorem A.10. Forv € L(M;,E), we have Ay, (v) C Ayi(v). Further, for every w € W¥, we
+1 J
have Py, ,(v) < PM]?,w(U) < Py, (0)(1 + §n—t
Proof. The first claim is rather straightforward. Note that for any vertex v € L(M;,K) where
¢ > j, both ROBPs make identical transitions from v, and so Ay (v) = Ay(v). Let £ = j. Let
+1 J
b, = M;(v,z) be the children of v for each z € {0,1,...,us+1}. Note that since MJ’ is obtained
from M ; 41 by rounding layer j + 1, these vertices are breakpoints, and for the “true” children of
v, there are vertices v, = MJ’erl(v, z) in layer j + 1 of M}H such that v, < b,. Note that by our
previous theorem, suffixes maintain ordering, and so A (M;H(v, 2)) = Ay (v.) € Ay(b.) =
j+1 Jt+1 J
Ay (M ;(U, z)). Thus the set of accepting suffixes can only increase for any choice of z, and so
j+1
the claim holds. Now for any ¢ < j, the claim follows because MJ’ and M ; 41 are identical up to
layer j, and since we have proven the claim for layer j, the claim follows here as well.
Note that since Ay (v) € Ay(v), it is clear that Py,  (v) < Py, (v) for all w, and thus
J+1 J It 3
P]\;[i,w(v) = PM}L,w(v) S PM£717w(v) S . S PM;’w(’U)
Now we will prove the latter claim by induction on the ROBPs M,i,
. ’
that PM;’w(v) < PM}H,w(v)(l +6) for every v € L(Mj, 0), w € W*.

~ L
i
n—17"

.. ,Mg, by showing
Note that when proving this claim for M ;f, any layer £ > j is identical in M ; 11, and so the
claim is obvious. Also note that if we prove the claim for vertices in layer ¢ = j, the claim will

follow for layers in £ < j, because these layers are also identical in M ,, and thus make identical

L
transitions and so we can express both P, ;w(”) and PM;+1,w(v) as tiltz same convex combination
of acceptance probabilities of vertices in layer j.

Let the layer ¢ = j, and consider vertex v € L(M j’f, j). We find that probability P, ],w(v) is
equal to the sum, over edges z € {0,1,...,uj411} out of v, of the probability we take that same edge
label z out of w, times the probability of accepting if we start from M J’-(v, z) and make transitions
in Mj according to a suffix sampled from D= (where w, = D(w, z) is the child of w in D through
edge labeled z): x Kyra: [sentence is much too long. How to shorten it? only say it in math?]

Uj+1

Piriw(0) = D pu(2)Pyps . (M} (v, 2)
z=0

j
b1, bs be the adjacent breakpoints in B! (w,) such that by < v + fij+1)(2) = by, and let by, b3 be

We now aim to bound Py (Mi(v, z)) for the children of v taken through each edge label z. Let
]7 z
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the adjacent breakpoints in B! such that by < v+ f; (j+1)(2) = b3, and note that ]\}P(v z) = b3 by
the way we connected layer j to j + 1 in M ¢, Also note that since both layer j and j + 1 of M
are identical to M, we have that v + fz(]+1 (2) = MJ_H(U, z).

Since B (w,) C B! we have by < by < Mj_H(v, 2) = by < by. By the way we chose breakpoints
and assign edges when rounding layer j + 1, we have that

j+1

Py o (b1) < (1468) Py

j+1W i+

w0, (M 41(v,2))

Since M 741 is an interval ROBP, we have that Py i w, (03) < PJ\?I;H,wZ(b‘l) and thus

Prpi o (b3) < (14 0)Pypi o (Ml (v, 2))

j+1W J+1’

Since the breakpoints are a subset of the vertices in layer j+ 1 of M i+1, they exist in both M ¢ and

Mj+1’ and so PM; (b3) = M; _(b3). Recall that M]".(v, z) = bz, and thus

PWMJMH%@) (1+6)Pype . (M1 (v, 2))

j+1W

Thus, we have

Uj+1
Pips o) £ 3 pul) 140y (VT (0,2) = 1+ 8Py |, (0)
’ 2=0
Thus we have proven the claim, and it follows that
~ . .. A~ n_g
Pyps wl®) € Py y(0)(1+8) o < Py (0)(1+ )" = Py, (0)(1+)
for every v € L(M;J), w e WY, O

Thus we have shown that for every v € L(M? ¢) = L(M,£), and every w € W' we have that
Py (®) < P (0)(1+8)"

Note that we have Taylor expansion (1 +6)" =1+ nd + @52 + ... so if we take 0 = Q(3L),

which is small, the second term né is much larger than the remainder of the terms, so we have
(140" <142n0 =14 2ng5- =1+, and so
PMi,w(U) < PMQw(U) < PM",w(U)(l + 77)

for every v and w as we will use in the following theorems.

Theorem A.11. We can construct ROBP M in time O(n°® (log U)?log b/n?)
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Proof. Observe that for every vertex v in layer ¢ and every w € W* we have that Py ,(v) <1
and Py (v) > U™". Let Ny + 1 be the number of breakpoints in B(w). For 1 < j < N,,, every

breakpoint b,,; changes from b,,(;_1) by at least a factor of we have that

1+67
U™ < Pygs gy (buvy) < Pz (buon) /(14 8)™ < (375
This implies that U > (1 + 6)Nv, and so logU - n > log(1 4 6) - Ny, or N, < l"gl(olg_g) Taylor
series approximation tells us that for 6 < 1, we have log(1+4J) > § — 7 so N, < "logU < ”;‘igéU <
7 2

ML < ED and so | B (w)| < FHES 41, and so |B| = [Uyepe BY(w)] < zwewe B! (w)| <
2n10gU

+s= M +s= 0(4"25#), where s is the width of small space source D.

Now note that for layer £ = n, we create two vertices, 0 with PM,w(O) =1 for all w € W™ and
bi + 1 with Py, (bi +1) =0 for all w € W" in constant time.

We will now discuss the runtime of building layer ¢ from layer ¢ + 1. We maintain that the
vertices of the layer below, L(M i £+ 1) = B! are known and stored in a binary tree along with
the values Py,  (b) for every b € B! and w € WL

We now prove that the statement holds for any w € W¢. For fixed w € W¥, we can compute

the first breakpoint vertex of layer ¢ of M as bw1) = 0. Now assume inductively that we have

breakpoints by (1), - . -, by(j), and we now aim to compute by (j;1)-
Recall that vy;41) is the maximal v < v, (;) satisfying Py, (v) < Py, (vi(;))/(1+6). Thus, to
find by,(j41) we can now do binary search through values of P o (V). We require 0 < Py, s (),

so we need only search through vertices in the range [0, b] since b+ 1 can never lead to an accepting
suffix due to nonnegativity of each f;. This requires O(log b) computations of Py, (v).

For each partial sum v that we encounter during the search we must calculate Py, (v) and
check if it exceeds Py, (vy(j)/(1 +6).

Here we have already calculated and stored Py, (vy(;))- We can calculate

Uj+1

Mz7w pr (Ml(v,z))

where w, = D(w, z) € WL, Note that |[L(M?, ¢ +1)] < 4"25#, and this bounds the number of
possible children v can have in layer £ + 1, and thus bounds the number of previously calculated

probabilities that we need to access and sum over. Also note that since we store these known

( 4n? séog U )

probabilities in a binary tree, we need a factor of log to access the information. Thus we

nzszogU log(nQS;ogU))’
We repeat this process throughout the binary search iterating through the ordered partial sums,
n2slogUlogb 1 n2sloglU

SUlogb |og (walosl))
As shown above, we have at most O(n?log U/n) breakpoints for each w € WY, and there are at most

can calculate this probability in time O(

at most log b times, until we find the breakpoint v,,(; 1), so we have runtime O(
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. . . . O(k) 2
s = n?¥) many such w, and so we can find all vertices in this layer in time O(2 (1052[]) 1080 1og( no(kzlog gy).
. c . O(k) 2 O(k
Thus we can compute the entire tree (all n+1 layers) in time O(~ (IOT%QU) 10gb 1og (™ ( ;log y). O

Theorem A.12. Given a collection of the (W,n)-ROBPs M’ for i € [k] and (s,n)-small space
source D, we can create a (W* n)- ROBP M computing the intersection of these, i.e. for any
xe{0,1,...,ur} x{0,1,...;u2} x -+ x{0,1,... up}, M(:L‘) =1 if and only ifMi(m) =1 for all
i€ k]

Proof. First, to create the desired ROBP M, we need n+1 layers, where layer 0 has a single vertex
(0,0,...,0) which is a k-tuple of partial sum 0, as 0 is the partial sum of the start vertex in each
M. Now from layer £ — 1 we will build layer ¢ as follows:

For each vertex v = (v1,v2,...,v) € L(M,E — 1) represented by a k-tuple of partial sums,
and for each z € {0,1,...,up}, we construct child vertex through edge labeled z, which has partial
sum tuple (M (vy, 2), (M2(va, 2), .. ., (M*(vy, z)). We maintain that the i*® member of this tuple
is associated with a vertex in M ¢ and that the prefix taken in M to reach vertex v = (V1,0 0)
is exactly the prefix taken in M to reach v;.

Note that since there are at most W vertices in each layer of M, we can make at most W*
partial sum tuple vertices in each layer of M. Thus M has width W* , and can be generated in
time O(WF).

Now to generate the probabilities in this new ROBP, we wish to maintain that for any vertex v in
any layer L(M, ¢) and any w € W¥, the probability of accepting if we start from v = (v1,va, ..., V)
and make transitions in M according to a suffix sampled from D™ is equal to the probability of
the following happening for all i € [k]: we accept starting from v; and making transitions in M’
according to a suffix sampled from DY.

We can compute these starting from layer n.

At layer n we know that for any w € W", vertex v = (v1,...,v) only accepts if all vy, ... vy
accept, i.e. they have probability 1 of accepting in their respective M's. If there exists any ¢ such
that v; does not have probability 1 of accepting in M (i.e. is not the vertex 0), then we reject and
have probability 0.

For any layer above, we assume we have the probabilities PM,w computed for every vertex in

the layers below. For vertex v € L(M ,0), and for each w € WY we can compute

Up+1

Py () =Y pu(2) Py, (M(v,2))
2=0

which requires the summing over at most W* known values, since there are at most W* unique
children M (v, z). Thus we calculate the probabilities for every w and every v in a layer in O(W?¥s)
time and thus the entire tree (all n layers) in the time O(nW?2ts). O
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This tells us that given M* of width O(n°® logU/n) and D of width n®*), we can com-

pute M and all associated acceptance probabilities in O(n°**) (log U/n)°®)) time. Since we need
O(no(k)(log2U)2 log b 1Og(no(k)nlogU))

to build k& many M? prior to building M, our total runtime is
OnP®) (log U/n)°®) logb).

Finally, we can prove that this ROBP rounding algorithm provides the guaranteed of theorem
1.9.

Proof of theorem 1.9. First we call on theorem 1.8 to construct altered sets S;. Since our sets have
width at most > 7 hyj(uy) + 2n? < 2n3, it follows that the ROBP Mg computing the indicator
function over S’ has width O(n*). This is because we can represent each state in layer [ of Mg
as a k-tuple of partial sums {Zézl hij(z), ..., 2321 hyj(z)} for which there are at most O(n*)
possibel values. We use the uniform distribution over solutions in S’ = Nielk) S! as our small space
source D. Note that claim A.6 verifies this is a small space source of width n®®).
For i € [k], let M* be a (W, n)-ROBP exactly computing the indicator function for S;. Let n =

O(e/k(n+1)F). Now, for every i € [k], by theorem A.7, we can explicitly in time O(n®®) (log U')? log b/n?)
construct a (n°®) log U/n, n)-ROBP M* such that

Pr [M'(z) # M'(z)] < 1
<D
Let M be the (n®*)(logU)¥/n* n)-ROBP computing the intersection of all M for i € [k] as
described in Theorem A.12. We have M (z) = A;M*(x), and so by union bound
Pr [VI(x) £ AMY(2)] < by
D

On the other hand, by Theorem 1.8,

- 1
(2
) =1 > —
P M) = 11> g
Therefore, from the above two equations and setting n = ﬁ, we get that
Pr [M(z) =1] < Pr [AMi(x) =1) < (14¢) Pr [M(z) =1]
D D D
Thus,
Pr [z €S- Pr [M(z)=1] = 151 . Pr [M(z) = 1]
2€4{0,..,u1 } X x{0,...;un } D (U1 + 1) ... (un + 1) <D

is an e-relative error approximation to the fraction of solutions to all constraints

Pryc (0o x{0,un} NM (@) = 1] = Proc t0, ur} e x {0, un} [ € S'] - Pracp[AiM*(x) = 1],
The theorem now follows since we can compute =3 ~r—y in time nO®) and Pr,. p[M(z) =

1] in time O(n°**) (log U/2)°® log b) using theorem A.12. O
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